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ABSTRACT

The main purpose of this thesis 1is to study the
algebraic and geometrical properties of the generalized vector
matrices (that include elements of hoth scalars and vectars),
hypercomplex numbers, and dual numbers, and to investigate their
applications to the solution of some mathematical praoblems in
physical sciences and engineering. The development of "number
systems" is first described, from natural numbers, through
rational, real, complex, and hypercomplex numbers, to general
hypernumbers. A brief survey of the p-adic, nonstandard
(hyperreal), and surreal (Conway) numbers, is also given. The
algebraic characterizations of the hypercomplex structures of
the quaternions, octonions (or Cayley numbers), biquaternions
(of Hamilton and of Clifford), dual numbers, etc., lead
naturally to the study of the Zorn vector matrices, and their
recent gdeneralizations by Anargyros G. Fellouris, Hyo Chul

Myung, and Susumu Okuhbo. The connections of these structures



with the familiar Lie and Jordan algebras are indicated.
Some related algebraic structures of physics are discussed,
including the Poisson algebras and the Heisenberg and important
matrix ¢groups in classical and quantum mechanics, the Jones
and Mueller matrices of the ealgebra and calculus of polarization
in optics, and the spinors and twistors {in relativity and
relativistic quantum theory. To provide an adequate basis for
the study of the general hypernumbers (of Charles Muses), that
may include a wide variety of units, zero-divisors, nilpotents
and idempotents, a broader view of algebra is needed. This
involves the study of more general nonassociative algebras,
and other algebraic structures, with various combinations
of such properties as power-associativity, alternativity,
flexibility, Lie- or Jordan- ar Malcev-admissibility,
nilpotence, and ¢grading. Some of these have recently been
introduced into mathematical and theoreticel physics, for
example, the graded Lie structures +that are now referred
to as superalgebras and supergroups.

As examples of their applications to some interesting
mathematical problems in mechanics and robotics, hypercomplex
and dual numbers have been used in the dynamics of
gyraoscopes, and in the kinematics of spatial mechanisms
and robot-arm manipulators. In optics, a suggestion is made for
the use of generalized vector matrices in developing a theory
of partia! polarization of light with fluctuating mode and
degree of polarization. A pictographical computer method has

been introduced +to provide an easy "visualization" of the

generalized vector matrices.
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CHAPTER I

INTRODUCTION

In mathematics, the great importance of complex
numbers, conmplex analysis and complex differential
Feometry has long been recognized. In science and
technology, in general, complex numbers, and functions
of a complex variable are now being wused for a
wide range of theoretical and practical purposes,
and some knowledge of them is thus required for 'the
proper education of physical scientists and engineers.
In physics, complex numbers and complex functions
enter the basic formulations of relativity, quantum
mechanics, and quantum field theory, in quite essential
manners. Indeed, complex numbers, complex vaector
spaces, complex wave functions, as well as matrices,
tensors, spinors and twistors, with complex elements,
complex components, or complex parameters, can provide
very effective descriptions of the natural order in
the relativistic and quantum worlds. More faemiliarly,
comp lex numbers and their functions have been wused,
for convenience, in t he consideration of periodic
structures, oscillatory behaviour and wave phenomena.
This ranges from the theoretical treatment of the
de Broglie waves in quantum mechanics to t he
practical calculations for the alternat ing-current

circuits in electrical engineering.



The present chapter gives & mathematical and

physical background and s general introduction to the

ot her chapters of this thesis. It 18 divided i{nto
five sections, as follows i Section 1.1 gives & brief
survey of the concept of "number", from natural numbers,

via real, complex and hypercomplex numbers, to hypernumbers.
p-Adic, nonstandard, and surreal (Conway) numbers are
ment {oned in Sections 1.2-1.4 , respectively. The
developments in algebra, geometry and analysis arising
from +the use of hypercomplex numbers and hypernumbers
are then presented in Sectlion 1.5. Section 1.6 considers
the applications of hypercomplex numbers, hypernumbers,
and nonassociative algebras to problems in physics.
In Section 1.7 the contents 'oF this thesis are

summarized.

Section 1.1 From Natural Numbers +to Hypernumbers

Modern mathematics has significantly extended the
ancient idea of "number". (See, e.g., [51,0191,£221.) The
widely recognized number systems now include the following:
NCZcQcRcCcHCO, where N is the set of natural
numbers, Z the set of integers, Q@ the set of rational
numbers, R the set of real numbers, € the set of
comp lex numbers, H the set of quaternions, and O
t.he set of octonions or Cayley numbers. In
particular, the familiar concept of s "complex" number,
! = (x + iy) (where x and y are real numbers), with

i representing -1, has been generalized 1into that of



a "hypercomplex" number, which includes the case of the
quaternions (see Chapter Ily Section 6) and that of the
octonions (see Chapter 111, Section 1), etc., where the
meaning of -1 has been considerably extended.

The 1{idea of "hypernumbenrs" beyond that of +the
hypercomplex cases is also becoming an important psart
of mathematics. The motivation to study some of
them has been provided by attempts to find suitable
number systenms for the mathematical formulation of
some fundamental physical theories. In contrast to the
hypercomplex systems of quaternions and octonions, these
hypernumbers may ~include generalized idempotents, zero-
divisors, nilpotents, and a wide variety of noncommutative
or nonassociative units other than those of the
quaternions and the octonions. Hypernumbhers give some
new domains of algebra, geometry, and function theory.
There are good reasons to expect that the mathematical
results of these domains will soon find important
applications in the physical sciences and in engineering.

In 1843 +the Irish mathematician Sir William Rowan
Hamilton (1805-1865) first developed the concept of the
"quaternions" as a generalization of the familiar complex
numbers.([2],[3],[5],[6],[19],[22],[32],[68],[69],[73],[74])
A quaternion is the quadruple (xl,xz,xa,x‘) which has the

basis (1,i,J,k) with the following multiplication rules:

[}
=
-
~
[y
.
—
~

iy -Ji



Let e, = 1, e, = i, e, = J, e, = k. Then the

multiplication table of the quaternion units is as follows 1

Table 1.1 The multiplication table of the

quaternion units

e‘ e2 e’ 84_

e: el. ea es e4
e e —-e e -e

2 a 1 s s
e e -e -e e

L] -] - 1 2
a e e -e -

- - s a 1

The quaternions form a dfvision ring (see the

definition in Chapter 11, Section 1), and the
multiplication is, in general, not commutative. The
study of quaternions led to many other algebras,
such as quadrinomes, tetrads, quines, pluquaternions,
nonions, and tettarions. An important extension of
the structure of quaternions is the systems of

biquaternions of Hamilton and William Kingdon Clifford
(1845-1879) , which form 8-dimensional algebras.
Hamilton's biquaternions obey the multiplication rules

of the ordinary quaternions, but the ground field is now



the set of gl1 complex numbers. Clifford’'s biquaternions
can be obtained from the ordinary quaternions by an
"adjunction" of an element E which comnutes with all
the quaternions and satisfies E° = I . Both systems
of biquaternions contain zero-divisors. I we
consider an analogue of the four-square formula in an
B-dimensional algebra, however, we can construct
8-dimensional algebras without zero-divisors, such as
that of the octonions (see Chapter 111, Section 1),

In 1843, within a few months of Hamilton's

invention of the quaternions, John T. Graves discovered

a system of 7 imaginary units (including the three
units of quaternions) in addition to a real unit,
and gave the name "octads", He immediately
communicated this discovery to Hamilton, who 1later
(in 1848) gave the new name "octaves",

In 1845, Arthur Cayley (1821-1895) rediscovered
the octaves. He had carefully studied the early
publications of Hamilton on the quaternions} but
without knowing anything about the important result that
Graves had privately communicated to Hamilton in December
1843, he reported his independent "discovery" and invention
in a postscript to his paper on a generalization of
doubly-periodic functions. Octaves or octads are now
most often referred to as "octonions" or "Cayley numbers".
Graves and Cayley gave the idea of a system with 7
imaginary units which can be constructed as shown in
Fig. 3.1 and Table 3.1A, that 1is

e = -1 sy € e = g e - b y  —mm——— (1.2)
A A R ARC C AD



where bA- is the Kronecker delta !
B, = 0, A=#B
1, A =18
and €, a is the totally antisymmetric Levi-Civita symbol 1
eBAC » cACl = e(’.‘BA = _1
ﬂnd 8AB(: N cBCA - cCAB = +1
for ABC € (123, 147, 165, 246, 257, 354, 3673.
The multiplication in this system is neither commutative
nor associative
e,e, = -e_e, '
and (eAe‘)ec = —eA(e.ec) i F - (1.3)
Both Graves and Cayley hoped to extend +the system of
complex units to higher cases with 27(n>3) complex
units (including one real unit). Graves wmade anm
attempt with 16 units, but without success. ngley
considered it plausible that such a system would exist
if 2"-1 is a prime number. We now know, however,
that the systems with 1, 2, 4 or 8 units are the only
possible cases, if divisors of zero are excluded and
if the distributive 1law 1is to remain valid.
Recently, mathematicians and physicists have
successful ly extended the systems of higher—diwmensional
numbers to 16 dimensions, and call them hypernumbers.



The arithmetic of such hypernumbers, however, has divisors
of zero and are not associative. In 1970, Charles Muses,
who is the author of studies on higher algebras, modern
physics, and cybernetics, extended Clifford’s work on the
biquaternions, and introduced hypernumbers of type ¢ and i.
The relationship between ¢ numbers and 1| numbers gives
a very important form of /jT which plays a basic role
in Dirac’s quantum physics. After three years, Muses
introduced the bimatrix, defined as a pair of sepsrated
matrix domesins connected by certsin rules (see Chapter 111,
Section 3), and soon after used bimatrices in solving
Cayley arithmetic and algebra.

In 1873, W, K. Clifford introduced dual! numbers

of thé form Z = A+ EA, (éhe analogues of complex
numbers) where A and A, s8re real numbers and ez = 0.
Now, we find that the dual operator ¢ is nilpotent
of second order, i.e., it is a zero—divisor. Also, it

is known that ¢ can be generated from two hypernumbers:

k(i" t am), where Lk is a real number, i'_I and e_ are
hypernumbers of the two types (see Chapter 111, Section 3),
and n # m . Thus, dual numbers are also hypernumbers.

Hypernumbers are et the very core of mathematics,
and they provide a powerful approach to new frontiers,
Each kind of hypernumber has its own arithmetic, and,
usually, ite own geometry as well. However, in this
Lhesis, we will consider only +those hypernumbers - that
seem to promise important and interesting applications

to problems in contemporary physics and engineering.



Section 1.2 p~Adic Numbers

In 1913, the German mathematician Kurt Hensel
(1861-1941) introduced the theory of p-adic numbers by
modelling them on the power series of complex function
theory. In the other. way, we can determine them as a
natural completion of the field of rationals, Jjust as
the reals are the completion of the rationals. The
p-adic number is a non—Archimedean valuation (see the
definition in Section 1.2.2),and can be thought of as
the completion when the absolute value is replaced by

8 p-adic valuation. (C131,0221,0373,C481,C721)

1.2.1 Number as function
We will now consider numbers as functions. We

start from the polynomial function

flz) = a+az+ ..o +az” = . (1.2.1)
where the 8 are complex coefficients, or a‘G c , z
is a complex variable. Then, f(z) is a function on
the complex plane. In the case of the polynomials

f(x)EC(z), the higher derivatives at the point zZ < a

are given by the coefficients of the expansion

f(z) = a +a (z-a) + ... + a (z-a)" ,———mm (1.2.2)
o 1 n

We are thus led to the concept of p-adic numbers by

observing that every rational number f € Q can be
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given an analogous expansion with prespect to every

prime element p of integer. Every positive integer f

can be written as prime fraction

[ .}
f = a0 (1.2.3)
y=-m
in which the coefficients a, lie in £{0,1,...,P-13 ’
that is, in a fixed representative system of the

"field of wvalue".

DEFINITION : Let p be a fixed prime. A p-adic number

Is a formal infinite series
l -1 2
a p + ... + a_‘p + ao+ a‘p + azp + e ’

in which a’G {0,1,...,p-1} ., The p-adic integers are

the sgeries

2
a°+ a‘p + a_p + s .

The complete set of all p-adic numbers {s denoted by
Qp, and that of all p-adic integers by Zp. Addition

and multiplication can be defined for p-adic numbers,

whereby Zp becomes a ring whose quotient field is Qp.

1.2.2 Pseudo-valuations and valuations
Let K be a commutative ring with the unit

(identity element) 1.
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DEFINITION : A map W from <K into the set of non-negative
real number is called a pseudo—valuation if it  has

the following properties i

W(0) = 0, Wa) > 0 {f a€K is not O . —=-——- (1.2.6)
W(atb) < W(a)+ W(b) for all a,b € K ., ----- (1.2.7)
W(ab) < W(a)W(h) for all a,b € K ., ---—- (1.2.8)

If (1.2.7) holds in the stronger form

W(atbh) < max(W(a),W(h)) for all a,b € K ,-—---- (1.2.9)

then W is said to be a non—Archimedean pseudo--valustion;
otherwise it is said to be Archimedean. If further

(1.2.8) holds in the strengthened form as an equstion,

W(ab) = W(a)W(bh) for all a,b € kK, =  ~-—--- (1.2.10)

then W 1is called a valuation. Each of the properties

(t.2.7) , (1.2.8) , (1.2.9) , and (1.2.10) may be applied

repeatedly and leads, for every positive integer n and

any n elements 8 48 _3¢0098 of K, ¢to
- < 3 W(ak)
w [ z a ] k=g
k
=t < maxW(ak), if W is non-Archimedean,

and

A\
3
p
[+
x

= W(ak), if W is a valuation.
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Section 1.3 Nonstandard Numbers

In 1960, Abraham Robinson (1918-1974) extended the
field R of real numbers to a field "m of hyperreal
numbers in which there are both Infinitely small and
infinitely large "numbers*. This has led to a
Leibnizian approach to infinftesimal calculus that uses
fnfinitesimal numbers directly and explicitly. A
derivative 1{is thus the quotient of two infinitesimals;
an fntegral now means the sum of infinitely many
infinitesimals. The development of a theory of
infinitesimals requires a decision as to which properties
of R shall remain true of the extension. The class of
such properties must be broad enough to permityconputing
with infinitesimals as though they were real, but not so
broad that they force 'R to be just R. This approach to
infinitesimal calculus was the beginning of a new branch of
mathematics, nonstandard analysis, that covers mathematicsal
operations carried out within the hAyperreal field r .
(r(31,0181,0221,0401,0471,L651,L70D)

The field 'R 1is an ordered overfield of R, in
which there are elements a with the property that
r<a for all re€R; in other words, elements a which are
Iinfinitely large. Clearly, any element 1/a is then

infinitely small; it lies between O and all positive

cER, Thus we can define
S = set of non-infinitely large elements of 'l
= { s G'R I isl < r for an r € R 3} .

One can quickly verify that S is a subring of 'l .
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In S we find

J = set of infinitesimally small elemeﬁts

£t €R I It <e for all ¢ €R® 3} .

where R’ is the positive real numbers. On using st for
“*standard", the homomorphism st 3 § —> §/J is called
the transition to the standard part of s € S, and the
coset st+J is called the monad of s. These elements of
'R. that do not 1lie in S, have no standard part, even
though one defines a monad for them. Now the fact that the
standard part of €S is the coset s+J (the monad of s) does
not help us very much, because we really wanted a number in
R. Therefore, we now show that in each monad, there lies
exactly one real number, and this yields §S/J = R. This
will justify the description of the rea! number belonging to
the monad of s as the standard part of s. Elements
X, ¥ G.R are not said to be neighbouring elements or
neighbours, if x-y>0 in R, x and y are not infinitesimally
neighbouring in S, therefors stx # sty in S/J.
Nonstandard analysis provides natural mathematical
models of many situations where one’s intuition involves
infinite or infinitesimal quantities which are non-
Archimedean ordered. For example, in probabilijty theory,
where one thinks of the probability of an event as the
(infinite) number of favourable cases divided by the number
of all cases, and in physics, where one thinks of a
quantum field with infinite fluctuations in infinitesimal
regions. The growing number of applications of nonstandard
methods is likely +to convince more applied mathematicians

of the value of learning sand teaching these methods.



13

Section 1.4 Surreal (Conway) Numbers
A number becomes infinfte in extent in many
QiFPerent ways, One case into which mathematicians hasg

delved more deeply is that of the surrealt numbers, or
Conway numbers. ([1].[15],[22],[42]) In dealing with logic

and set theory, John Horton Conway introduced a definition

of a large ordered number field. The elements of this
field can be interpreted as “games", now referred to
as "Conway games". This theory has been applied to

geometry, and involves the concept of a "winning strategy".,

1.4.1 Ordered field
A field K is called an ordered ffeld {f there

is given a total order in K such +that a>hb implies

atc > b+c for alil c, and ad>b , c¢c>0 implies ac > bc.
The characteristic of an ordered field is always 0.
£, for any two positive elements a, b of K, there

exists a natural number n such that na > b, then we
call K an Archimedean ordered field . Two ordered
fields are called similarly i{somorphic {f there exists
an isomorphism between them under which positive elements
are always mapped +to positive elements. The rational
number field and the real number field are examples
of Archimedean ordered fields, while every Archimedean
ordered field is similarly isomorphic to a subfield of

the real number field.
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1.4,2 Dedekind’s definition
Dedek ind proposed +the abstract definition of pure
numbers, Suppose the rational numbers are divided in
any way into two classes, L, R, say, such that
i) all the members of L are less than all
the numbers of R;
ii) L contains at least one rational number;
it1) all the rational numbers belong either to

L or to R.

Any such division 1is called a section of the rat ional
numbers. Then there are two different kinds of section
possible :-

a) Either one number in L is greaster than
811 the other numbers in L or one number in R is
less than all the other numbers in R t(%ap" hore
excludes "and").

b) Or no number in L is ¢greater than all
the other numbers in L and no number in R is less

than all +the other numbers in R.

1.4.3 Conway games

Let L and R be subclasses of a totally-ordered
class T, We write L<KR if xLG L, and x'e R implies
x“< x". Note that ¢<R and L<¢ for all L and R.
Conway constructs the elements of No (positive infinite
number) as follows : If L and R are two subsets of No
with L<R, then there exists a number {LIR} = x € No.

All elements of No are constructed in this way.
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In general, if x = {LIR3, then xL will denote

8 typical element of L, and x" 8 typical element of R.

Conway defines

X 2y iff x°> y and x > y for all x" and y .

It is well to note that equality between these numbers

is an equivalence relation, namely

X = y iff X 2y and y 2 x s

end note the following : {LIR} = (L'IR'} 4iff L=L' and
R=R’. Conway shows that No is a proper class which
is also a real-closed field. Note if x = {LIR}, then
L<{x2<R thus, whenever a gap exists in the numbers
defined thus far, an element is created to fi11 that gap.
This process of creation occurs only when L or R is
8 proper class of numbers. We can sum up the Conway
game as the simple game below.

Conway games are defined inductively. If x and y
are any two sets of games, then there 1is a game (x,y).
All Conway games are constructed in +this way.

Numbers constitute a subclass, and they are also

defined inductively : if xL and xn are any two sets of

L, ]
numbers, and no number of x is 2 any member of x ’

then there 1is a number (xL,x'). All numbers are
constructed in this way.

The empty set (¢,9) serves to define the number

created on day 0 (¢,¢) = 0. On day 1, the numbers
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($,{03) = -1, ({0},¢) = 1, and the game (£03,4{03) = »
are created; and on day 2 we get, among other numbers,

(€0},{13) = and among other games, ({1},£~-13) = 1,

1,
2
(€03 ,%) = T. (See the “"partizan game-graphs" in Fig.1.4,
in which vertices are game positions, and edges slanted

in south-westerly direction denote moves of Left; in

south-easterly direction moves of Right.) In particular,
it can be seen that the following sets are Conway
games: 1 = (€03, 9)

2 = ({0,13,¢

n+1 = ({O.loogn)gd))

Every Conway game is a8 pair of sets, and all Conway

numbers are <called ordinal numbers.

Definition An ordfinal! number is a well-ordered set
in which each element is equal to the set of all its
predecessors. In other words, a set X, well-ordered by

R, is an ordinal number if for each x€X
x = € yeX | yRx & y#x 3.

The well-ordering theorem implies +that 2 is a total

ordering. m>n means that m>n and wmwm#n.

7 /\/E>/\/>\

Fig.1.4 A few partizan games
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Section 1.5 Algebra, Geometry, and Analysis

The foregoing sections outline the long development
of the idea of “number". In this section, the connections
of the hypercomplex number systems (in particular, the
quaternions and octonions), and of the hypernumbers, with
algebra, geometry and analysis, will be briefly considered.

In 1844, Hermann Grassmann (1809-1877) developed

his theory of extension for algebraic and geometric
systems in spaces of more than three dimensions.
Later on Clifford studied Grassmann algebras, and ’

developed a geometry of motion, for the study of which
he ¢generalized Hamilton's quaternions into the so-called
biquaternions .

In 1870, (Marius) Sophus Lie (1842-1899) gave the

theaory of all cont inuous groups, embracing a1l the
theories of invariants hitherto noted. Lie's +theory,
the original theory of continuous ¢groups, has been

very successful in their applications to the differential
equations of mechanics and mathematical physics. Lie
groups and Lie algebras satisfy the anticommutative laws
and have, in general, nontrivial commutators. Some special
cases lead naturally +to the theory of octaves.

In 1877, (Ferdinand) Georg Frobenius (1849-1917)
established an interesting connection between hypercomplex
number systems and bilinear forms., In 1884, Jules
Henri Poincare (1854-1912) discovered a further connection

of these with +the continuous groups of Lie .
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In 1891, Georg Scheffers (1866-1945), who cont inued
the 1lineage from Lie, enunciated that Lie's +theory of
(finite) continuous groups also contains the theory of
hypercomplex number systems. After seven years, élie
Cartan (1869-1951) applied the Lie theory to obtaln a
classification of the hypercomplex number systems. The
theory of these continuous groups also afforded principles
for the classification of linear associative algebras.

The modern developments of algebra and number
theory that have followed the generalization of the
concept of "number" have been the results of an
extended study by many mathematicians. One important
mathematiciany, Adolf Hurwitz (1859-1919), extended and

simplified the algebraic theory of forms, by considering,

in pasrticular, the invariants under the infinitesimal
transformations of a certain Lie group. In 1898, he
presented this development in a more concise form,

which deepened 1into a very general law of the formation

of independent catedories in successively higher algebras.

Hurwitz®’s theorem can be stated as follows : A
necessary and sufficient condition for the existence
of a nondegenerate quadratic form N(x) satisfying
N(x)N(y) = N(z), where z is bilinear in x and vy,
(i.e., for permitting composition on a algebra A), is

that A is one of the following : F‘ H FOF 3 a
separable quadratic field S over F § a8 complex € over
F, a quaternion algebra H over F 3 a Cayley algebra

O over F. Hence the possible dimensions for A are

1, 2, 4, B. An extension of the 8-square formula to a
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16-square formula, and further on, is not possible.

In 1914, Leonard Eugene Dickson (1874-1954)
constructed division algebras in n fundamental  units
with coefficients in any field F. In 1933, Max August Zorn
(1906-) studied alternative rings, and introduced vector
matrices which include elements of scalars and three-
dimensional vectors in the same system. Zorn's vector
matrices describe the geometry of an 8-dimensional space.
Zorn's work also stimulated other mathematicians to
further study the connections between geometrical axioms
and algebraic rules. The addition of vector matrices is
defined in an obvious wayi but their multiplication is,
in general, not associative (see Chapter I1], Section 1).

In 1948, Abraham Adrian Albert (1805-1972)
introduced Lie-admissible algebras, which are represented
by the octonions, as can be seen from the following
definitions : Given an algebra A over a field of
characteristic # 2 with multiplication denoted by xy,
we associate an ant icommutative algebra A with
multiplication [x,y] = Xy-yx defined on the vector space A.
Then, A 1{is termed Lie-admissible or Malcev—admissible
if A is a Lie or a Malcev algebra, Lie-admissible
algebras can be extended +to Malcev-admissible algebras
by using the standard theory of Lie and Malcev algebras
which satisfy the anticommutative law and Malcev identity

(see Chapter I11, Section 4, Eq.(3.4.3)).
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Section 1.6 Applications of Hypercomplex Numbers and

Nonassociative Algebras in Physics

Murst Gﬁnaydln and Feza Gursey (1921-) in a paper
of 1973 [301] attempted to generalize quantum mechanics by
using the octonions through the associativity condition
for physical observables. They related the octonions
to the split octonions by wusing a split basis, and
thus obtained a formalism that exhibits the quark structure
and its SU(3) content in charge space. They tried to
construct a unified theory that would include gravity,
starting from string theories in higher dimensions, by
exploiting the relationship between the exceptional Lie
algebras and the octonions.

In 1979, Susumu Okubo (1930-) attempted to use
flexible Lie-admissible algebras A to generalize the
Heisenberg equation whose solutions require the underlying
algebra A to be power-associative. He admitted that

he did not know how +to introduce a Hilbert space into

his analysis, but did speculate on the existence of
quantum mechanical states via the notion of positive
linear functionals. After two years, Okubo gave examples

to point out the nonuniqueness of the Lagrangian, and
suggested possible applications of flexible Lie-admissible

aldgebras to quantum mechanics,
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Section 1.7 Summary of Contents

This thesis begins with a background in
mathematics and physics. We survey and study algebraic

and geometrical properties of the vector matrices that

include simultaneously elements which are vectors and
scalars, The summary of the contents is as follows:
Chapter 11 contains the definitions of classical groups,
some basic concepts of Lie algebras, Lie ¢groups,
nonasgociative algebras, nilpotent algebras, Jorden
algebras, and alternative algebras. The structure of
Poisson algebras, Heisenberg groups and Hamiltonian

systems are next considered. The algebra and calculus
of polarization are then introduced, with the' 1linear,
circular and elliptical polarizations being represented

by vectors and wmatrices, in particular, by Jones vectors,

and Jounes and Mueller matrices. The representations of
spin states, which can be transformed +to holomorphic
functions of spinors and twistors, are given in the

last part of this chapter. In Chapter 11], generalized
vector matrices, bimatrices and octonions are considered.
The octonion or Cayley algebra in the split basis
and Zorn’s vector matrices are first introduced. We
next investigate the graded Lie admissibility of the
vector matrix algebra. The concept of a bimatrix,
defined as a pair of separated matrix domains connected
by certain rules, is then introduced. A study of power
associative products on octonions, as determined by third

and fourth power laws, and flexibility as defined on



the vector matrices, leads naturally to the consideration

of Malcev-admissible algebras, Chapter 1V is concerned
with the representat ion of wvector matrices by a
pictographical computer methaod, The applications of
vector matrices, hypercomplex numbers and dual numbers
in physics and engineering, such as to the problems of
multi—rigid~body—systems in mechanics, of the kinematic
analysis, computation and control of motions in robotics,
and of polarization in optics, are explained in Chapter V.
The last chapter discusses further problems in the
applications of generalized vector matrices, bimatrices,
hypercomplex numbers and hypernumbers, to physics and
engineering, by using the fundamental concepts given in
the foregoing chapters. This then concludes with a
survey of the range of problems for which the use of
octonions and vector matrices is particularly useful

and convenient.



CHAPTER 11

SOME ALGEBRAIC STRUCTURES OF PHYSICS

In this chapter, some important slgebraic structures
that have already been used in physics will be considered.
This should provide an adequate mathematical background
for understanding the later chapters of this thesis, There
are six sections altogether. Section 1 gives a bhrief
summary of the properties of groups, matrices, and some
important matrix groups. Section 2 describes Lie algebras,
their properties, and the associated Lie groups. Section 3
presents the set of axioms for linear, nonassociative, and
nilpotent algebras, As specific cases, Jordan and
slternetive algebras will be considered. In Section 4,
Poisson algebras, the Heisenberyg groups and the Lie
algebraic structure of the Hamiltonian systems will then he
discussed., The fifth section will be on the subject of the
algebra and calculus of polarization of .electromagnetic
radiation. The cases of linear, circular and elliptical
polarizations, and the use of the Stokes parameters and
of the Jones vectors and Jones matrices to describe
polarization will be considered. The last section will
give a brief introduction to the physical applications of
spinors and twistors., The proofs of the propositions in
this chapter are, in general, straightforward, and have been

omitted. They are given in [161, £273, and 771 .
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Section 2.1 Matrix Groups

The main purpose of this section is to explain
the different types of classical groups or matrix groups
and to enable the reader to differentiate the various
symbols used for matrix groups. (For further details,

see [161,0173,0(271,0L771.)

2.1.1 Groups, rings, and fields

DEFINITION ¢ A binary operation % on a set is a rule

that assigns to each ordered pair of elements of the

set some element of the set.

DEFINITION : A binary operation % on a set S is comnutative

if and only 1If a¥%b = b¥*a for all a,b € S. The
operation * is assocfatfve if and only {if
(a%b)¥%c = a¥%(b¥%c) for all a,b,c € S,

DEFINITION : A group <G,%> is a set 8, 8along with a
binary operation % on G and the following required

properties of the operation :

(1) The binary operation * is associative. This
means that for any a, b, c € @ we have
(a¥b)¥c = a¥%(b¥%c). (Note that +the closure of

G with respect to % is implied.)

(2) There exlsts an identity element 1 of 4. This

means that for any a € 03 we have la = al = a.
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(3) Inverses exist, This means that for any a €& @G

there is an element a ‘e G such that as '= a a = 1],

DEFINITION : A group G is abelfan if its binary operation

* is commutative.

DEFINITION : A ring is an algebraic system consisting
of a set R and two binary operations, viz. addition (+)
and multiplication (*), on R such that for all asb,c € R :
(A1) (a+b)+c = a+(b+c).
(A2) There exists O € R such that for all
a € R, O+a = a+0 = a,
(A3) Given a € R , there exists -a € R such
that at+(-a) = (-a)ta = 0 .
(A4d) a+b = b+a .
(M1) (ab)c = a(bc) .

(D) a(b+c) = ab + ac, (b+c)a = ba + ca.

DEFINITION : If R 1is a ring, u € R is a unift if

there exists some a € R such that au = ua = 1, i.p..

if it has a multiplicative inverse.

DEFINITION ¢ A ring R with a multiplicative i{dentity 1

such that a*l = 1ea = g , for all a€R , is a ring with

unity. The ident ity in a ring 1s called a unity.

DEFINITION : if R is a ring with an associative
multiplication and U C R 1is the set of units u in R,

them U s a group under multiplication.
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DEFINITION : Let R be a ring with unity, An element
u in R 1is a unft of R if 1t has a multiplicative
inverse in R, If every non-zero element of R is a

unit, then R 1is a skew field or division ring.

DEFINITION If R is a division ring with the
multiplication satisfying the commutative law ab = bha ,
then R is a field. A field is a commutative

division ring.
2.1.2 Matrix properties
The properties of a number of special

matrices are now tabulsted i (See the definitions in

£831, pp.280-317 .)

Table 2.1 Matrix properties

1 = n x n unit matrix, abbreviated I .

asl constant matrix. Tr A = 3 Ai .

1
1
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if

matrix notation Definition

Transpose AT (A™) = A
123 31
Conjugate A" (A") = (A .
14 13
Adjoint A’ At = (A"
Reciprocal A A A = I
Real (Re) A" = A
Imaginary (Im) AY = -A
Orthogonal A A = ]
Unitary A A = ]
S ymmetric AT = A
Skew-symmetric AT = -a
Hermitian AT = A
Skew-Hermitian A* = -a
Real orthogonal A A = I and
A" = A —> A unitary
Real symmetric 4 '\ == A and
"= A—> A Hermitian
Real skew-symmetric AT = —-A and
"ea— A skew-Hermitian
Non-singular ot exists (det A # 0)
Traceless Tr A = 0
N The symbols T and can be interchanged.
b The matrices on the left can be interchanged
A is non-singular.

< The converse entailment is not valid.



The groups 1involving regular matrices (see the
definition in [771) may be finite onr infinite, be discrete
or continuous, and have real (R) or complex (C) elements.

The variasbles in the real space R° are designated as

n

x - (x‘....,xn), and in the complex space C as
z = (z‘,...,zn). A regular matrix of degree n acting in
R™ or C" will produce &8 transformation x —> x’ or
z — z', In problems in physics we are frequently
interested in classes of transformations that leave
invariant some functional form of x or z. For example,

in an isotropic three-dimensional Euclidean space we may

wish +to consider transformations that hold +the form
x‘:+ x:a+ x'z as an invariant, or in a 4-dimensional
Lorentzian space +the form x"+ xaz+ x’a- x4z.

2.1.3 The general linear groups GL(n,K)

DEFINITION ¢ The group of units in the algebra M“(m)
is denoted by GL(n,R), in Mn(E) by 4dL(n,C), in Mn(ﬂ)
by GL(n,HD and in Mh(O) by GL(n,0). These are the

general linear groups and form linear algebras.

We know that
GL(n,K) = { A € Mn(K) | det A # 0 1}
where K =4¢( R,C,H,0 1} ,
GL(n,K) ¢ M_(K) ,

and GL(n,R) ¢ GL(n,C) c GL(n,H) C GL(n,0).
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2.1.4 The special linear groups SL(n,K)

The specifal linear group SL(n,K) is a general
linear ¢group of matrices with determinant = +1, and is

charscterized by in(nz—l) parameters, where K = ¢ R,C,H,0 3,
and having in= 1, ic = 2, i" = 4 and io = 8 . Clearly,

SL(n,K) ¢ GL(n,K) ¢ Mn(K) s

and SL(n,R) ¢ SL(n,C) c SL(n,H) ¢ SL(n,0) .

2.1,5 The wunitary groups U(n)

In GL(n,K), for K=C ’ we write it as U(n)
and call it the wunitary group , if the unitary
matrices A of degree n form the elements of +the
n2~parameter unitary g€roup Uin) that leaves t he

n
Hermit.jan form 3 zizl. invariant. Since the
1=1
unitarity of the matrices A requires that A+A = 1
the range of the matrix elements a,, is restricted

by the requirement that

" 2
> a a = b H hence, la | < 1,
1¢ tJ 143 13

t

Thus, in this case the domain of the n2 parameters is

bounded, so we get U{n) ¢ GL(n,C) .

2.1.6 The special unitary groups SU(n)

If we focus on unitary matrices of determinant +1,
we will obtain the (n2—1)~parameter special unitary group or
unitary unimodular group SU(n), and we will find that

SU(n) = Un) n SL(n,E).
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2.1.7 The orthogonal groups 0(n)

In GL(n,K), for K=R , we write O(n,R) as 0(n) and

call it the orthogonal group when ALA = 1] and we have
det A = 11 . The set of real orthogonal matrices of degree
n forms the n(n-1)-parameter group O0(n) ¢ GL(n,R) .

2.1.8 The special orthogonal groups SO0(n)

The set of real orthogonal matrices of dedgree

n forms the % nin-1)-parameter real orthogona!l group
O(n,R?» 4 while the set of real orthogonal matrices
of determinant +1 forms the real specfal orthogonal
group S0(n,R)., The real special orthogonal nmatrice5
leave invariant the real quadratic fornm > x,z
We have tet

SO0(n) = { A€ Un) | det A =113} |,

it

and S0(n) SL(n,R) N O(n) .
2.1.9 The symplectic groups Sp(2n)

In GL(n,K), for K = H, we write it as Sp(2n) and
call it the symplectic ¢group, Sp(2n,H) , the 4n(2n+1)-

parameter group that leaves invariant the nondegenerate

skew-symmetric bilinear Form. Clearly, Sp(2n,H) ¢ GL(n,H),
and the matrices need not be unitary. Restriction to real
matrices gives the n(2n+1)-parameter group Sp(2n,R).

The symplectic group Sp(2n) = U(4n) n Sp(2n,H)
is known as the wunitary symplectic group . This
gfroup looks like Sp(2n,R) ’ and is a ni2n+1) -
parametenr group. Note that symplectic ¢groups exist

only for even-dimensional vectur spaces.
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Section 2.2 Lie Algebras and Lie Groups

Lie groups are continuous groups, each of which
forms a differentiable manifold with an analytic structure.
We can establish a correspondence between the analytic
subgroups of a Lie group and the subalgebras of its
Lie algebra. ([111,[161,0211,[383,[891,[771) Isomorphism
of the Lie algebras is equivalent to {ocal isomorphism
of the corresponding Lie groups. The Lie algebra is
defined by a commutator, and satisfies the anticommutative

law and the Jacobi identity. (See the definitions below.)

2.2.1 Lie algebras

Some matrices in the general linear groups
such as SO0(n), SU(n), and Sp(2n) are not closed
under ordinary matrix multiplication. For example, if

A= 0 x . which is skew-symmetric,
-X 0
then Az = —xz 0 ’ which is no longer
0 -xz
skew-symmetric, Mathematicians have been trying +to
find some generalized " matrix products " tto make

these matrices closed under multiplication, which
led naturally to the study of Lie , Jordan and

other (nonassociative) algebras.
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PROPOSITION : For K € { R,C,H,0 3 and A,B € M_(K), we

define the bracket product [A,B] as the commutator, i.e.,

CA,B] = AB - BA . Then $0(n), SU(n), and Sp(2n) are closed

under [ , J ,

Thus, §0(n), SU(n) and Sp(2n) become algebras (over R)
with the bracket multiplication that has the following
properties :

I fA,B] = -{B,Al (anticommutative 1law) ,

Il CA,B+C1] [A,B] + [A,C] ,

CA+B,C1 LA,C) + CB,C] ,
111 for r € R , rCA,B] = [rA,B) = [(A,rB] ’
1v C(A,[B,CJ] + [B,[C,A]] + tC,LA,BJ] = 0 ,

Property «a1v) is called the Jacobis ident {ty.

DEFINITION : A real vector space with a product satisfying

lead 1V is called =a Lie salgebra,
Let us consider low-dimensional Lie algebras.
For dimension 1, the vector space is Jjust R, and

making X,Y € R we have
(X,Yl = XC1,Y]l = XY[1,1] = O (by 1).

So we have the trivial product (which obviously satisfies

oo lV). Consider Rz with basis e e_. We must have
e ,e 1 =[e ,e 1 =20 and (e ,e_.1 = -~ [e_,e ] .
1 1 2 2 1 2 a  §
Let [e‘,eal = ae + bez . Then, for example,

e ,Lle e_11 = [e ,(ae + be )1
1 L I 2 1 1 3

= ale ,e 1 + ble ,e 1]
1 1 1 2

1l

b(ae + he ) .
1 a
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By the Jacobi identity,

le ,[e ,e 11 + [e sle_ye 11 + [e ,CLe ve 11
) Y 2 1 a Y a S 1
= [e ,le ,e 1] - (e y[e ,e 11 + 0
1 1 a 1 1 a
= 0 .
So b(ae‘+ bea) + [e‘,(-ae‘ - bez)J = 0 .

b(ae‘+ bea) - b(aet+ bea) = 0 . Therefore, an identity.

The result is true with no conditions on a,b .
£ we take a=b=0 , we will get the +trivial

Lie algebra.

0 a b
In the case §0(3) = ¢ -a 0 c | a,b,c € R 3
-b -c 0
the Lie algebra has three dimensions, and the
bases are e ;e ,e . where
1 a |
[e‘.ez] = e, [ez,e.J = e Ee.,e‘] = e, .

Clearly, the set e, se e has the 4 properties
of a Lie algebra, viz.

l [ei.BJJ = - [e.’.e‘] FOP i = J and i.J‘ = l|2’3 ’

[e‘,eJ] =0 for {1 = §j and i,j = 1,2,3 3
11 [e‘,(ez+ea)] = [e‘,eal + [e‘,e'] 1
111 for r € R , rtet,ezJ = [PB’,le = Ee‘ + rezl H

IV [e‘,[e:,eaJ] + [ea,[ea,e‘]] + [e.,[e‘,ezll

[e‘,et] + Cez,eal +[ea.eaJ
= 0 .

s WaY s Q-\’ 3g
18360 i (1916
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2.2.2 Lie groups
Let G be a differentiable n-manifold which
is also a group, and let the operations
GxG — @ , G —> @
(a,b) —> ab , a +—> a°®

be smooth functions. Then G is called a Lie group.

Let €] be a Lie group with identity element

e, and suppose that Xa is a tangent vector at
e (Xae T.G). Then we can get -1 vector field
defined on all of G as follows. For any g € G
let L’ $: G — @ be the diffeomorphism given by
L‘(X) = gX for each X € G . This 1is called left-
translation by & . We set x' = dL’Xe (%)
(dL’ ¢ TG — T'G) . Such vector fields are
called left—invariant $ is0., a vector field
X on G is left—invariant if it satisfies (x) .

PROPOSITION : If X, Y are left-invariant vector fields

on G, so is [X,Y1].

Now one can see easily that X, Y be left-
invariant implies +that X+Y ’ and also that prX (r € R)
are left invariant. Thus, the set of left-
invariant fields on G becomes a subalgebra of the
Lie algebra of all smooth vector fields. Since left-
invaeriant vector fields correspond one~to-one with
elements of TEG. this Lie algebra is n-dimensional.

We denote it by L(G) and call it the Lie algebra of G.
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Nonassociative Algebras and Nilpotent Algebras

octonions, Lie algebras, and Jordan algebras

are well-known cases of nonassociative algebras. (See,

e.g., [381,[67].) They also possess special properties,

some of which will be considered in this section.

2.3.1 Linear

A

associative and nonassociative aelgebras

group is a closed algebraic system with

one internal composition law, satisfying some

specified

system with

of which

A vector

composition

systems with

external

the features

conditions. A ring is an algebraic

two internal composition laws, one

distributive with respect to the other.

space has one internal plus one external

law. We will now consider algebraic

two internal composition 1laws and one

composition law. Such a system combines

of a ring and of a linear space,

and is called a {inear algebra.

DEFINITION

A (linear) associative algebra is an algebraic

system (W,F,*), where W is a vector space, and F is a

commutative

field, that satisfies the following axiomst

Xx + (y + 2) = (x + y) + z for all x,y,z € VW,
There exists an element 0 € V¥ such that
O+ x=x +0 =x for all x € W .

For every x € W there exists an element

x €V such that x + (-x) = 0 .
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1V X +y =y + % for all R,y € V¥ .
v x(yz) = (xy)z for all Xys¥9,2 € V ,
A x{y + z2) = wy + xz and (x + y)z = %z + y=z

for all Xy¥Yy2 €V ,

VII a(bx) = (ab)x for all a,b € R and all
X €V .
VIl lex = x for all Xx €V (1 is the

unit of F) .

1X a(x + y) = ax + ay for a8ll a € F and all
X,y € V .,
X (a + b)x = ax + by for all a,b € F

and all X € V .

Xl a(xy) = (ax)y = x(ay) of all a €F and
all X,y € VWV .
DEFINITION : A (linear) nonassociative algebra is an
algebraic system which obeys all axioms of a linear
(associative) algebra except that x(yz) = (xylz need
not hoid.

2.3.2 Jordan algebras

A Jordan algebra J is a8 nonassociative algebra
with the Jordan product, x+y , of elements that obeys

the following two axioms :

| Xey = ye*Xx for all X,y € J . (commutativity)
11 X e(yex) = (x-sy)ex for all X,y € J .

(Jordan identity)
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Supposing A is a (linear) associative algebra, and we
define Xey = %(xy+yx), then, this system is a Jordan

al¢gebra. (C491)

2.3.3 Alternative algebras
The alternative algebra A is defined by the

identities

I Left alternative 1law xay Xx(xy) for all

X,y € A .

Il Right alternative 1law yxz (yx)x for all
X,y € A .
Clearly, any associative algebra {s salternative. In
terms of the associator,
(X,¥,2) = (xy)z - x(yz) ,
an alternative algebra A satigsfies (X,Y,x) = 0 .

The left and right alternative laws are,

respectively, equivalent to

(x,x,y) =0 and (yyx,x) = 0O for all x,y € A.

In an alternative algebra, the associstor (x1,xz.xa)
alternates in the sense that, for any permutation 4
of 1,2,3 we have

<x‘°,x2°,x36) = (sgn 6)(x‘,x2,xa) H

for example

(Xy3¥942) = = (yyx,2) = (y,2,Xx)

for all X,¥,2 € A . Also for alternative algebras,

if any two of XyYy2Z are equal to each other,
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then (x,y,z) = 0 . The relation
(xy)x = x(yx) for all X,y € A
is called the flexible law. All Lie, Jordan,

and alternative algebras are flexible.

2.3.4 Nilpotent algebras
The subalgebra generated by any +two elements
of an alternative algebra A is associative. An

algebra A over a field F is called power—associative

in case the subalgebra F(x) of A generated by any
element X in A is associative. This is equivalent
to defining power of a single element x in A

recursively by

1 141 1

and requiring that

x‘xj = xHJ for all «x in A (i,J = 1,2,3,...).
An element X in a power-associative algebra A is
called nilpotent in case there is an integer r
such that x = 0 . An algebra (ideal) consisting
only of nilpotent elements is called a nilalgebra
(nilideal). Any alternative nilalgebra A of finite

dimension over a field F is nilpotent.
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Section 2.4 Poisson Algebras, Heisenberg Groups and

Hamiltonian Systems

The study of Poisson algebras of <classical
mechanics leads mnaturally to Lie algebras. Therefore,
mathematical results from the theory of Lie
algebras and Lie groups can he applied ¢to dynamical

problems that involve ﬁhe Poisson bracket in classical

mechanics. The Heisenberg group has been used to
explain the relation of position and momentum in
phase space. In a Hamiltonian system that depends on

time and initial position (qyp), the motion is determined

by the Hamiltonian function H(p,q). ([261,[291,[661,[751)

2.4.1 Poisson algebras

Let A be @ (linear) associative algebra. An
additional, nonassociative internal composition law,
the Poisson bracket, Ex,y]P., is introduced, that
satisfies the following axioms (in addition to the

already existing ones of x+y , ax, Xy) ¢

i [x,x] = 0 , for all x € A ,
B

ii [x,(y+z)]P. Ex.y]P. + [x.z]P. and

E[x+y],z]Pn [x,zJP. + [y.z]P s

for all X,¥,Z2 € A .

1id a[x,y]P = [ax,yJP‘ = [x,ay]P' s for all x € A

-]
and all a € R .
iv [x,yz]P. = [x,yJP-z + y(x,z]P‘ ’

for all X,¥,2 € A .
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Axioms (i1, tiity, and (iv) are mixed
distributive and associative 1laws. We observe that
axiom (1) is equivalent to [x,yJP. = - [y,xJP. for
atl X,y € A , In fact, the above axioms are the
same as the previous axioms of a Lie algebra, if
we define [x,y]p. = XYy - yxX . Thus, the study of
the structure of Poisson algebras leads quite
naturally to the theory of Lie algebras. Poisson
algebras first occurred in the Hamiltonian formulation
of classical mechanics. Let A be the set of all
infinitely differentiable real-valued function from
R x B — R . (That is, A ‘ consists of real
funct ions ul(p,q) of two variables, and all partial
derivatives, such as, au au azu ’ azu ’ aau ’

ap aq 5 ’q apaq
etc., exist.)' Make this set into an ordinary
associative algebra by pointwise sum, scalar product,
and product:

(u + v) (p,q) = ul(p,q) + v(p,q) s

(au) (p,q) = au (p,q) ’

uv (p,q) = ul(p,q) vip,q) .

Now def ine the Poisson- bracket s
[u.v]' = igiy - ifif .
agap apaq
Then, the Poisson algebra of classical mechanics has the
structure of a Lie algebra,
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2.4,2 The Heisenberg groups

The canonical commutation relat ions of quantum

mechanics are given by

qu.qk] = [pJ,ka =0 and

[pJ’qu = - [da,pu] = - ih SJh ' j’k = 1,....n .

(p.’ = - ih _3___ 4 qk = xk o)

oxX
3

Each element may be considered as a realization of
t he l.ie algebra ident.ities :

[P ’Q ] = - i b E = - (Q .P ] [

K] k KN 3 k

[PJ,EJ = [Q ,EJ =0 « ememe—— (2.4.1)

Note +that P = - ih 3 R QA = X .
3 -_— 3 3
Ix
3

The formulation (2,4.1) refers to a basis PJ.QJ '
J = 1,-.-,1‘1 [ Witoh

[PJ,PRJ - [QJ.QkJ -0 s

(e ,2a1=-10Q ,P 1= ~13 5

3 L] 1 3 K] k 3

By using the Poisson bracket of classical mechanics,

we obtain

3P, 3@ - aQ,_ aP

P ,Q 1 =3 |- — — -
aQ_ aP aQ_ aP

k) 1 1 4

an GPJ
-3 —F
aqQ ap

1 1

aP
3

ap
K
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Since every PJ does not depend on all Q, ,
we have aP’ an = 0 i,,j’k = 1....,1’1 °
aQ@ aP
1 1

Similarly 1
EQk,PJJ = 54n and [PJ.Pk] = [QJ.QkJ =0 .
The groups formed by the commutators above are

called +the Heisenberg groups.,

2.4,3 Hamiltonian systems

The position of a Hamiltonian system at
time t is given by a pair of functions (Q(t),P(t)).
The initial dynamical state of the system is #iven by
Q(0) = q and P(O) = p ., In fact, the state of the

system is determined by both the time t and the

initial state (qyp), and so we write
Q = Qt) = Qt,p,q) 1 P = P(t) = P(t,p,q) s
Q(0,p,q) = q ’ P(O,p,q) = p .

The mot ion of a Hamiltonian system is determined

by a function H(p,q), which is called the Hamiltonian

of the system. The Hamiltonian is determined by
the underlying physics. The dynamical behaviour of
t.he system is determined hy Hamilton's ordinary

differential equations 1

dQq oH(Q,P) dp aH(Q, P) ’

dt ap dt aq
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where aH oH aH aH

— = —— $ e o0y e [ ]

aq aq‘ aqz aqn

aH 3H aH aH

—— x atv— ') a——— 90 0 0 Y e ) .

ap 3p, ap, ap

A simple example of a dynamical system is

fiven by the harmonic oscillator, Let Q@ be the
displacement of the mass from equilibrium and P be
the momentum of the mass, and choose units so
that all constants turn to be simple. This
problem has one degree of freedom, s0 the
variables are (q‘,p‘) (q,p) . The Hami ltonian
for this system can be chosen to be

H(q,p) = 1 (q- + p) .
2

Hamilton's canonical equations for this system are
dQ and dP
_— = P = = _Q s T (2-402)
dt dt
From (2.4.2) , d“a dp
dt®  dt
then sz
+ Q=20 .
2
dt
The solution of the initial value problem for

Hamilton’s equations is

Q(t) = g cos(t) + p sin(t) ,

P(t) p cos(t) - q sin(t) .
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Section 2.5 The Algebra and Calculus of Polarization

Light is a transverse electromagnetic wave.
The vibrations of the electric and magnetic fields

teke place in @& plane perpendicular to the direction

of propagation of the wave., The properties of the
electromagnetic wave depend on the orientation of
the electric and masgnetic vectors E and B, which
is associated with the polarization. Electromagnetic
waves with any polarizstion can be represented as a
superposition of two linearly polarized wave whose
electric vectors oscillate in mutually orthogonal
planes. Hence it can be stated that electromagnetic
waves have two independent states of polarization.

(€£141,03313,C341)

2.5.1 Linear polarization

If in the process of wave propagation the
vector E remains in the same plane parallel +o the
direction of propagation, the waves are called

linearly polarized.

Let us consider the superposition of two
linearly polerized waves having the same frequency and
propagation in the same direction. We shall assume

that the oscillations of E of the first wave lie

in the XZ-plane and of the second wave in the
YZ-plane (Fig. 2.5A), Then we can write
E (z,t) = i ED cos(kz-wt)

!
[

and E (z,t)
Y o

E ycos(kz—wt+e) ’



Fig. 2.5A

(b)

Linearly polarized light
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Fig. 2.58B Vibration of K in the plane of

Fig.

polarization

2,5C Right-circular light

46
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wt = nf2

wt = 3nj4 @
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i (b)

Fig. 2.5D Rotation of the electric vector in a
right-circular wave ( Note that the

robation rate is w and kz = x/4 , )
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Fig, 2,5E Rotation of E in right-circular light

Fig. 2.5F Elliptically polarized light
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where ¢ is the relative phase difference between the
wave, Let wus analyze the resultant optical disturbance

E (Z,t) = E“(Z.t) + Ey(z’t) L (2.5.1)
If 3 is zero or +(2m)x, where m €N, the waves
are said to be in phase. In that particular case
Eq.(2.5.1) becomes

E (z,t) = (§ E t+ 3 E ) cous(kz ot) . !
0O % oy

Then the new ampl itude of the resultant wave is
(i EOn + J Eoy). It is linearly polarized, as shown
in Fig., 2.5A . Therefore we can describe any plane-
polarized 1light with the plane of vibration rotsted
(and not  necessarily by 90°) from that of the
previous condition, as indicated in Fig. 2.5B .

2.5.2 Circular polarization
When both constituent waves have equal amplitudes,
i.e. E = E = E_, and in addition, their
Ox Oy o
relative phase difference is e = -(x/2) + (2m)x where
m {is an integer, we have
Ex(z,t) = i EO cos(kz-ot)
and E (z,t) = j Eo sin(kz-wt) .
¥
The consequent wave is given by
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K = Eo(i cos(kz-wt) + § sintkz-wt))  ———cen (2.5.2)
(Fig. 2.5C). Now the scalar amplitude is a constant
EO . But the direction of E is time varying and
it is not restricted as before to a single plane.

Fig. 2.5D depicts what is happening at some arbitrary
point z, on the axis. At ¢ =0 E lie along the

reference axis in Fig. 2.5D(a) and so

E = i E cos(kz ) and E = J E sin(kz ) ,
*» Q [«] ¥ o o
At 8 later time, ¢t = (kzolw) ' Ex = iEo ’ E’ = 0, and
E is along the x axis. The resultant electric field

vector E is rotating clockwise at an angular frequency

W, Such a wave is gaid to be right—-ciroculeriy
polarized (Fig. 2.5E), and one simply refers +to it
as right—cfircular light. If & = (x/2) + (2m)=x where m

is integer then

R = Eo ( 1 cos(kz-wt) -~ J sin(kz-wt) ) . ----(2.5.3)
The amplitude 1is the same as the previous amplitude
but E now rotates counter-clockwise, and the wave
is referred to as (left—circulsrly polarized, or, more
simply, as left—circular 1light.

A linearly polarized wave can be synthesized
from two opposite circularly polarized waves of equal

amplitudes. In particular, if we add the right-
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circular wave of Eq.(2.5.2) to the left-circular wave

of Eq.(2.5,3) we get
E = i 2Encos(kz~mt)

which has a constant amplitude vector of i(ZEo) and

is therefore linearly polarized.

2.5.3 Elliptical polarization

In general, the resﬁltant electric field vector
E will both rotate and change 1its magnitude as well,
We can write an expression for the curve +traversed

by the Lip of K

E =E cos(kz-wt) e (2.5.4)

» 0 x

E cos(kz~-wt+e) .,
Oy

and E

The equation of the curve we are looking for
should be a function of neither position nor time, i.e.

we should be able +to get rid of the (kz-ot) dependence.

Expand the expression for Ey into

E = cos(kz-wt) cos(e) - sin(kz-wt) sin(g) ’

and combine it with Ex to yield

O x

Ey - E“cos(e) = -sin(kz-wt)sin(g) .  mm=—- (2.5.5)

E E

Oy O x



From Eq.(2.5.4) E

then sin(kz-et) =

Substituting sin(kz - ot) into Eq.(2.5.5) and squaring

both sides, we get

E E cos(e)|” E * 3
¥ _ = = 1 - = sin (e)
E E E °

Ow O 2 Ox

Finally, on rearranging terms we have

E ° E * 2E  E cos(e)
v ] v x r . 2 L
-é“ - Tl E_ il = sin (eg) . - (2.5.6)
Oy O x Oy Ox
This is the equation of an ellipse making an angle

a with the (EK,EV) coordinate system (Fig. 2.5F) such

that

If €& = (2m~1)(x/2) and m € N sy then Eq.(2.5,6) becomes
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Furthermore, if E = E =E , this is reduced to
Oy O o]
E*+E*=§g? .
> » o
which, in agreement with our previous result, is a
circle. If & is an even multiple of =x, the result

of Eq.(2.5.6) is

E_* B *
_a--z=0'
E
O x Oy
Therefore E = E E H
¥ Oy x
E

and, similarly, for odd multiples of «x .

These are both straight 1lines having slope of % EOU ’

—

E
O x
f.e. we have (inear lLight. From the above, notice
that we can make Eq.(2.5.6) into circular equat ion
and linear equation, so that we may consider linear
and circular light to be special cases of

elliptically polarized light and give 1{its specific
state of plane polarized 1ight in a P-state, while
right- or left-circular l1ight is in an R- or L-

state, respectively,
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2.5.4 The Stokes parameters

We consider a pair of Plane waves which are

orthogonatl to each ot her and not necessarily

monochromatic +to be represented by the equations

E (t) = § E (t) cos(kz~wt+e (t))
» Ox »

B (t) J E_ _(t) cos(kz-wt+e (t)) y W —m—— (2.5.7)
£Y oy L4

where on(t) and Eoy(t) are instantaneous amplitudes, o
is the instantaneous angular frequency, and eu(t) and
cv(t) are the instantaneous phase factors.

We consider Eq.(2.5.6), which 1is wvalid only

at a given instant of t ime

E“(t)z + Ey(t.)z w ZEx(t)Ey(t)cos(e(t)) = sina(e(b)) ’
E () E (t)? E (WE_(¢) oo (2.5.8)
Ox Oy O x Oy

where e(t) = en(t) + ev(t) .

If we have monochromatic radiation, the amplitudes
and phase are constant for all time, so Eq.(2.5.8)

is reduced to

E (&) + Ey(t)z - 2E_(L)E_(t)cos(e) = sin*(e)

o

E (t)° E (t)° E_(L)E_ (t) o (2.5.9)
» Oy Ox Oy

In order to represent Eq.(2.5.7) in terms of the
observables of the electromagnetic field, we must

take a time average of Eq.(2.5.9)
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<E_(t)7*> 4+ <Ey(t):> = 2<E_(£)><E_(t)>cos(e) = sin>(e)

——————— ee———

E (&) E (&) EOK(t)Eo vty L (2.5.10)

b4

where <E‘(t)EJ(t)> = T OJ‘T El(t)EJ(t) dt , i,Jd = x,y .
From Eq.(2.5.7), we can find average values indicated

in Eq.(2.5.10)

<E *(t)>
»

N
o
X

<E *(t)> =
¥

Nop—
o
¢

<Ex(t)><Ey(t) =1 E E ycos(e) .

Substituting Eq.(2.5.11) into Eq.(2.5.10) , and

multiplying by 4R °*g

O Oy

e 5 we get

(2E_ "B ") + (28 *E ?) - (2E_ E_ cos(e))?
¥ o Oy Ox Oy

O x o E

= (2E__ E_ sinCe))? . . (2.5.13)
Ox Oy

We now define the Stokes parameters in terms of four

quantities inside the parentheses as

s <E_ *> + <g_ *
QO = * Oy
s KE_ *> - <E_ *>
1 = O 2 Oy
S <2E_ E_ cos(e)> ’
a = [« %3 Oy
S <2E_ E_ sin(e)> ’
3 = Ox Oy
and write Eq.(2.5.13) as so° = 51’ + 5,2 + s=° .

We can explain the meaning of these parameters that



Table 2,5@G

Stokes and

polarization

Jones

states

vectors

for some

State of Polarization

Stokes vectors

Jones vectors

Horizontal 2-state

Vertical 2-state

P-state at + 45°

P-state at —45°

A -state

7 -state

o]
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is the total intensity of the radiation

is a reflection of a tendency for the polarization
to resemble more to either a horizqntal P-state
(whereupon S‘> 0) or a vertical one (in which case
E‘< 0) or there is no preferential orientation with
respect to these axes (S‘= 0). It may be elliptical

at 145’ + circular, or unpolarized.

is a P-state oriented either in the direction of
+45° (when $,2 0) or in the direction of -45° when

(Sz< 0) or neither (Sa= o).

is the beam toward right-handedness (S.> 0), left-

handedness (S'< 0) or neither (S'= 0) .

show this in Table 2.5G .

The Jones vectors

The Jones vectors were invented by R. Clark Jones

1941, Their role complements that of the Stokes

parameters, and 1is only applicable to polarized waves.

In

way

the

t he

that case 1{t would seem that the most natursal
to represent the beam would be in terms of
electric vector itself. Written in columm form,

Jones vector s

Ex(t) s T - (205.14)

E (&)
¥
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where Ex(t) and Ey(t) are instantaneous scalarp components
of K. If we preserve the phase information, we will
be able to handle coherent waves. With this in mind,

we rewrite Eq.(2.5,14) ag

E = E (tre'®”

s Temm——— (2.5.15)

E (t)e'?”

Oy

where ox and ¢ are the appropriate phase (¢=kz-wt).

¥

We will consider the Jones vectors in 3 cases.

Case | Linear polarized light

The horizontal and vertical P-states are given by

- [ g e
Eh - Eﬂne
0
]
and Bv = 0 .
E ea¢s
L oy .
Therefore
E = g o' . e (2.5.15)
[- X3
E erv
oy
1f on = Eoy and 1 oy vy then
E = g ' [, ,
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which is 8 P-state at + 45° In this case, the
phase angle ¢u is zero and we can normalize +the
irradiance to unity. This is done by dividing both

elements in the vectop by the same scalar (real or complex)

quant ity so that the sum of +the sSquares of +the

components is one. For exampla,
R*‘. = _l_ 1 and R_‘. = 1 1 H

J2 | 1 J2 |-1

similarly, in normalized form,

Eh = 1 and Ev = 0 .
0 1
Case 1] Circular Polarization
For this state of polarization on = Eoy .

If the y-component, is leading the X-component by 90.,

then it is called right—circular light

E = 1 1 H and, similarly, for

the left-circular light E = 1 1 .



The sum of the components
the horizontal P-state

E = 1 2 =

J2 (o]
Case 1] Elliptic polarization

We can put the circular
into an elliptic one by
component by a scalar. Thus

= (-} or 1
®114pE0Q
o | ~-is
describes one possible
elliptical 1light.

Two vectors A and B are
when A°B = 0 , Similarly two
orthogonal when A+B" = o . One
states as being orthogonal when

orthogonal. For example

E +E = 1 1 |e 1
n L ——— —
2| -1 | /2
= 114+ 1)
or E E" = 1 -l o

form of horizontal,

60

and B

gives

2| 1 .

o
form of polarization
multiplying either

y where s is a scalar,

right-handed,

said to be orthogonal
complex vectors are
refer to polarization

their Jones vectors are
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E R = 1 ’
r L

E E = 0 .
r Tm

Notice that E *K
- n

and E R "
n L

This property is called orthonornélitr.

2.5.6 The Jones and Mueller matrices
Suppose that we have a polarized 1{incident besam

represented by 1{its Jones vector E' which pessses through

an optical element, emerging as 8 new vector E‘
corresponding to the transmitted wave. The optical
element has transformed Ei into B; ’ by Et = I\B’

where A {is the transformation matrix of the optical

element

Suppose that E' represents a P-gtate at + 45. which
passes through a quarter-wave plate whose fast axis is
vertical (i.e. in the y-direction). The polarization state
of the emergent wave is found as follows. We drop
the constant-amplitude factors for convenience, and thus

obtain,

the beam being right-circular, and A being the quarter-wave

plate with the fast axis vertical. If the wave passes
through a series of optical elements represented by
the matrices 1\‘, I\z. I\',...,I\n s then

E = A ...A A A E .
t " 3 k3 1 ]



Table 2.,5H

Jones

and Mueller

matrices

Linear optical element

Jones matrix

Mueller matrix

Horizontal linear
polarizer

Vertical linear
polarizer

Linear polarizer
at +45°

Linear polarizer
at —45b°

Quarter-wave plate
fast axis vertical

Quarter-wave plate
fast axis horizontal

Homogeneous
circular polarizer
right 0

Homogeneous
circular polarizer
left C

o o]

=l
-0 O
- O
e

N =
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©C =20 -

N =

N =

OO =

N =
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In general, the matrices do not commute, and thus they

must be applied in +the proper order. It should be
noted that the Jones calculus is of use only for
cumput ing results with light that is initially
polarized in some way. There is no Jones vector

representation for unpolarized 1light.

In 1943 Hans Mueller introduced a 4 x 4
matrix for dealing with the Stokes vectors. The
Mueller matrices are applied in many ways rather
similar to the Jones matrices. The basic cases
of thel Jones and Mueller matrices for Lhe
description of linear optical elements are given in
Table 2.5H. Later on, physicists have found that
the Mueller matrices can easily deal with coherent
waves while the Jones matrices can not, Far

further delails on the Stokes and Jones vectors for the
polarization states and on the Jones and Mueller matrices
for linear optical elements, see [33]1 and Tables 2.5G and
2.5H. A typical relationship between the Stokes vectors

and t.the Mueller matrices is as follows

where
SL stands for the Stokes vector of the transmitted wave,
Sl for that of the incident wave, and
hdk is the Mueller matrix for the k' linear optical

element, k = 1,2,...,4n .



Section 2.6 Spinors and Twistoury

In this section, we survey the representations
of +the spin states of a relativistic particle in
space, and in space-time, by introducing stereographic
projections, the Riemann sphere, and holomorphic
functions of spinors and twistors., Like the more
familiar vectors and tensors, spinors and twistors are
now playing very important roles in the mathematical
analysis of +the space-t ime geometries of relativity
and relativistic quantum mechanics, ([9].[10].[12].[35].

(601,0[621,0631)

2.6.1 Spinors

Spinors are extremely important in the study
of spin states of a8 particle in relativistic quantum
mechanics, The algebraic and geometric orders of the
complex number system is Clearly reflected in the
quantum superposition law. The two-dimensionality of
the complex number system is seen to be intimately
related to the Lhree—dimensionaliLy of physical space.
The standard form of complex numbers is ! = x + iy,

(xyy real), where i is the imaginary unit (i = /-1,

with its axis perpendicular to the real axis, The
compleaex number { is 1located in 8@ plane rather than
on a line., It is natural to associate the complex
number 4 with a point(x,y) in the plane whose
rectangular coordinates are x and Y. Each complex

number corresponds to Jjust one point, and conversely,

64
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The geometry of the complex number I 1is displayed
in Fig. 2.6A. The xy plane is called the Argand

plane, or ¢{¢-plane.

i 1+2i
whd] i 1+ 2+i
-2 -1 Q | 2 3
X
ot | ~{ I= 2-i

Fig. 2.6A The representation of complex numbers

on the Argand plane

The complex number ¥ can also be represented by a
vector that lies in the {-plane. The product of
two complex numbers, neither a scalar nor a vector,

is wused in place of ordinary vector analysis.
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N

Fig. 2.6B Stereographic projection from the Riemann

sphere to the Argand plane

We next consider how complex numbers can be

used to represent the spin state of an electron in

space-t ime with three dimensions of space and one
of time. One basic rule of quantum mechanics is
the (inear superposition of quantum states. Let A
and B be the states of spin of an electron with

the direction of the spin vector pointing upwanrd
and downward, respectively. Then any other spin

direction can be represented by the superposition aA + gB,

where a and p are complex numbers (not both zero),
and we get a physically distinct situation for each
distinct ratio AP . There {s thus a one-to-one

correspondence between the direction in space and the
ratio asp of a pair of complex numbers. It is

convenient to include with the complex plane the
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pointL at infinity and to use g = 0. The complex
plane together with this point at infinity 1is called
t he extended complex plane. Construct a third axis
(the 2z-axisg) perpendicular to the plane P and through
the centre 0 (see Fig. 2.6B). The complex plane P
passes through 'the equator of a unit sphere centred

at the point ¢ = 0. The north pole N of S is the

place where the positive z-axis meets S 3 the point
N of Lhe sphere S corresponds to Lhe point at
infinity. Consider a point R of P, represent ing
the complex numbenr g. The intersection of the 1line

from the point R to the north pole N and the
surface of sphere S is a unique point Q. This

point Q@ +then represents the complex numbers {, on §,

where 4 is now viewed as a ratio atp. The
one-to-one correspondence between the points of the
sphere and the points of the extended complex plane

is called the stereographic projection, and the sphere
is known as the Riemann sphere. The Riemann sphere
S represents the space of the ratio atp. The
importance of the one-to-one correspondence for our
purpose is that {t enables us to easily imagine
the four-dimensional situation of the states of spin

of an electron.

’

The geometric correspondence between { and ¢
can be explained in more physical terms as the
relativistic correspondence between two observers.
One observes & star and assigns a complex number e

to each star for its position. The other observer,
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in any state of motion relative to the first, obtains

a different complex numhepr !’ to label the same star,

’

The correspondence between { and ¢ is then given by

@ bilinear holomorphic transformation

L 4 = A"t + A1z s emee (2.6.1)
Azll: + Azz
where A s A y A ’ and A are complex parameternrs
11 12 a1 a3

defining the relative motion and orientations of the

two observers, The formula (2.6.1) is analytically
expressed entirely in terms of ! = x + iy or its
complex conjugate E = x - iy. Eq.(2.6.1) can also

be rewritten formally as

I = At $ = (Altt + A‘z)(Az‘C + Azz) y ——=——- (2.6.2)
where A = A‘i A‘z is a non-singular matrix,
A A
21 23
and thus det A = 0, From the property of an
inverse I\-‘ of a matrix A
AA™" = s o (2.6.3)

we have

A = A Ail 12 !
A21 22

where A = 1 .
A A - A A
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On substituting the matrices A and Al into

Eq.(2.6.3), we obtain

AA = A Aaz _Atz A:s At: !
-A A A A
a3 41 21 aa

I - 1 0O = A A A - A A A A - A A .

a3 11 12 21 a2 12 132 22

0 1 _AQIAI o ASIAZ —A12A21+ AltAZI
_____ (2. 6.4)
By comparing the matrix elements in Eq.(2.6.4),

therefore

A ( AzzA“— AtzAz‘ L n=N | s mme—— (2.6.5)
A ( At‘Az‘— AZ‘A“ ) =0 T e (2.6,6)
A« AazA’a- A::Aaz ) =0 . memmee (2.6.7)

Eq.(2.6.5) can be written {in another form thus
A CA A - A A ) = Adet A = 1
a2 3

1 13 231

From Eqs.(2.6.6) and (2.6.7), we get

azl,. = AHAzz ' for A # 0
Since the matrix A is non-singular, we have
A = 1 # 0] .
det A
The special unitary group SU(2) satisfies +the ahove
conditions, and Lhus Lhe matrix A has unit

determinant, i.e., det A = 1 .,
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Now reconsider Eq.(2.6,.5) A‘IA - A A = 1 .

22 12 21

This can be satisfied in either of t he two

following cases only

case | A A = 1 and A =0 ’
11 23 13
case || A A = -1 and A =0 .
12 331 18
Then, the matrices corresponding to the holomorphic

transformations are

For the spinor representation, the above matrices

are infinitesimal generators of the rotation group
( R(émn) = exp(i¢nag), for example R(xx) = 0 -i ’
-1 0
Rixy) = 0 -1 R(xz) = -i 0 ). We have
1 0 0 i
thus been able to correlate the rotations l”, where
M= X 4, ¥ 4 2z , with the corresponding observebles 0”
(Pauli matrices). The infinitesimal generators will

be written as 10 , that s,
2

i]
—
[ ]

R* (xn ) = exp(-ilng ) = (2.6.8)
M V.

From the property I = -1 ’ where I is the

identity matrix, we find the relation :



71

xl T e (2.6.,9)

We can verify Eq.(2.6.9) by expanding

the anti-logarithm of Eq.(2.6.9), +thus

exp(%tl“) = 3 (%tl”)
n'!
= I+ 1xl -1 (1o’ -1 (10’1
2 o~ 2 — #
21 3
+1 (o + 1 A1 o+ ...
— D ) “
41 X
= I cos(ix) + I” sin(lx)

Therefore,

exp(ix] ) = I L et (2.6.10)
2 y’s y
Comparing Eqs.(2.6.10) and (2.6.8), we get
o] = il S (2.6.11)

. s

Eq.(2.6.11) is the relation of the bilateral binary

rotations ly and o” (u = 1,2,3) represents the Pauli
matrices, This confirms t hat the l”'s are
infinitesimal group generators for the spinor

representations of S0(3).

The Pauli matrices o” and the identity matrix

I form a group. Physicists have wused this group
o1, ox, dy, d‘) to ¢generate spinors in the following
way. In the case of the Pauli matrices, they

can be rewritten as follows
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From Eq.(2.6.2), let us write ! as the quotient

of two new variahbhles M, and K, o Thus
TR au u " + b = au_ + bu '
T - - [ ] r & a
H, -b H u, + a -b M + a M,
or | MM > = a b i H oK, > ¢« mm (2.6.12)
-b" a"

A basis that transforms under (2.6.12) is

called a spinor . The complex conjugate spinor is
- 8- B [ ] L ] 4 @
! Moo > = a b I MooH > ¢ === (2.6.13)
-b a

The matrices in (2.6.12) and (2.6.13) have the same
trace, so that the conjugate spinor transforms under
t he same representation. It is easy to guess the
transformation of the basis lu‘.uz.> in (2.6.13) that
will bring the matrix in (2.6.13) into precisely that
in (2.6.12). Two~-component spinor calculus 1is a very
specific calculus for studying the structure of space-time
manifolds. It is closely related to the calculus of

the quaternions that represent a four-dimensional space

with spin structure.



73

2.6.2 The Schrgdinger and Dirac equatiouns

The Schrgdlnger equation 1is one of the basic
equations of nonrelativistic quantum mechanics. It
describhes the behaviour of a particle of wmass m in
a potential \' in terms of the states of 8 quantum
system. We can obtain the Schrsdinger equation from
the expression for the total energy E in classical

mechanics

F SWP A& v 1 N SN N (2.6.14)

by preplucing the classical momentum P by the momentum
operator

P> ihvf V&8 f  E-- (2.6.15)
where v = 31 +3J+ a2k ,

ox 3y ez

and the classical energy by the energy operator

E —> ih > v = ey - (2.6.16)

2t

The linear operators thus obtained from Eq.(2.6.14)

act on the wave function vix,y,z,t) ¢

(-n%¢* + Wy = inoay

2m at
or ihay = Hy s e (2.6.17)
ot
where H = —h2v2+ V, and H 1is <called the Hami ltonian
2m

operator, or simply the Ham{ltonian, of the system,
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which is the same as the energy operator.

Eq.(2.6.17) is called the Schr8dinger wave equation,

and i{ts solution 1{s the time-dependent wave function.

The Schrsdinger wave equation fails, however,
to explain the behaviour of a particle in the
relativistic quantum system. It {s thus necessary +to

develop a proper relativistically covariant version of
this equation, as follows. Consider first the

relativistic energy-momentum relation
E™ = (o)’ + (mc™? , ¥ X (2.6.18)

where E now includes the rest energy mocz. By
substituting the momentum operator (2.6.15) and the
energy operator (2.6.16) in Eq.(2.6.18), and applying
the resulting relativistic Hamiltonisen operator on the
wave function ¢(x,y,z,t), we obtain the Klein-Gordon
equation,

-n*3%y = -nPciety 4+ mozc‘¢ . e (2.6.19)

at
This has plane wave solutions of the form
exp i(kr-ot) s .- (2.6.20)
where

a 4

(he)® = +(h ck” + m_ "oyl . mmme- (2.6.21)

The Klein-Gordon equation (2.6.19) is not quite
satisfactory for the description of the electron with
spin 1 , since its solution can lead to negative

probability which is physically wunacceptable. In 1928,
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Dirac found a way out of this difficulty by
substituting the relativistic Hami{ltonian
H = ca'p + pmoca ————— (2.6.22)

{nto (2.6.17), which leads to the wave equation

(E - casp - pmoca)w = 0 ’
or —om-— (2.6.203)
(iha  + jhcasv - pm c™)y = o ,
at,
where a = ax+ ay+ Xy a and g are anticommutative

and satisfy +the following relations

ax = ay = a! = [ = 1 ’
xada+aa = aataa = agaat+taoaca = 0 ’
» » Yy b4 x = L 4 x » » E 3
ap + pa = a g + pa_= a_p + pa_= 0. -==-- (2.6.24)

Any solution ¢ of (2.6.23) is also a solution of
(2.6.19), but the reverse may not be true in general.
For the relativistic electron, we can thus avoid having
physically unacceptable solutions. The a and g are
not real, but can be expressed In terms of Hermitian
4x4 matrices. One representation of the a and g matrices

ls in terms of the familiar 2x2 Pauli matrices,

r b r
dx = 0 1 [ dy - 0 -1 'Y Oz = 1 0 H
1 0 i 0 J o -1
- | ’ =
[+ 4 - 0 0 [ a - I 0 .
6 O 0o -1
L E L 4
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That is ,
[ 1 0 0 o 0O 0 o0 1
B = 0 1 0 o ’ x = 0O 0 t o '
0O 0-1 O 0O 1 0 0O
0O 0 0 -1 1 0 0 O |
————— (2.6.25)
( O 0 0 -i [ O 0 1 0
x = 0O 0 i o© ’ x_ = 0O 0 0 -1 .
0O-i 0 O 1 0 0 O
. i 0 o0 o J _ 0-1 0 O J
The Dirac equation (2.6.22) for an electron, when

written in the form

inay = c[(h/i)a-v + pmoc]¢ h F ———-- (2.6.26)

at, |
is the relativistic analogue of the time—-dependent
SchrSdinger equation of nonrelativistic quantum
mechanics. Its form 1is also rather similar to that
of Maxwell’s equations for the electromagnetic field.

Multiplying Eq.(2.6.26) by p and dividing by ihc, we get

[(p/c)g_ + pa-v]¢ + (im°c¢/h) = 0 « W mm=——- (2.6.27)
at

By wusing the relativistic notation of Eq.(2.6.27) and

the summat ion convention, with Greek indices running

from 0 to 3 ’ Eq.(2.6.27) may be rewritten in the

compact form
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-

B a+ + iK* = 0 s TmEsmsm= (206-28)
ax”
for u=0,1, 2,3 and ¥ = p , ¥ = pax_ 12 = pa_
3 - =
¥ = pa ’ K (moc/h) and
3“8 3%+ Bovw
r = — o
ax ax

g(1)3d + paew .

c a3t

The Dirac matrices satisfy the relation

¥ 8 + ¥9 2 W1 g. N o F---- (2.6.29)

The Dirac equation of the electron in an electromagnetic

field is now written in the form

2

5 |3y - ie A” vy + iIK¢ = 0 , = —e——- (2.6.30)
ax” hc
where A‘ = (¢,A) , and e is the electron charge.

We use Eq.(2,6.30) to explain the motion of a free
spln-% particle in relativistic quantum theory, which

includes the interaction with the electromagnetic field.
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2.6.3 Twistors
Twistors are certain complex quantities which
are holomorphically parametrised. They can also be

considered as an extension of the concept of spinors.

The geometries of the +twistor theory are very useful

in the mathematical analysis of the physical problems

of quantization of fields and space-time structure.
It is ©possible to use twistors to construct and
explain physical concepts rather directly. The
concepts of space-t ime points and curvature, of
energy-momentum, angular momentum, quantization, the
structure of elementary particles with their various
internal quantum numbefs. wave functions, space-time
fields, can all be formulated, with varying
degrees of speculativeness, completeness, and success,
in a more or lass direct way from primitive
twistor concepts., The quantum field theory qf
elementary particles and their interactions in
Minkowski space, and general relativity involve non-
linear problems which can be conveniently expressed
in the language of twistors and solved by new
techniques of the twistor theory. The importance
of complex numbers and complex analyticity in
twistor dgeometry and analysis tells one something
fundamental about the mathematical structure of the
physical world. Excellent surveys of the twistor

theory can be found in (351, [63]1 .
The basic twistor equation |is

v ] = 0 s === (2.6.31)
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A

and the solutions are o and X, The solution o

is composed of four-dimensional vector spaces Ta over

t he complex numbers, called twistor spaces. The
elements of a twistor space are called 1 |-twistors.
0
From these 1 I-twistors we can write
0

2% e G, ) R N 5. W —— (2.6.32)
where " and LI could be either spinor fields or
point spinors at the spinor frame 0 and called
spinor parts. Multiplication by a8 complex number and

addition of twistors are defined in an obvious way ¢

Twistors can thus be built up by wusing spinor parts.

The 1 |[-twistor space 1is effectively the direct
0
sum of the space spinors of type wA and x.. at the
spinor frame 0. Similarly, the dual of 1 |-twistor
0o
space, that is 0 |-twistor space, is the sum of

1
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spinors of type AA. uA' at 0., We can write

0, > (A (0),u" (0)) . mmeee (2.6.34)

The product of 1 |-twistor and 1{ts dual s
0

0 2% = (A (o), (02" (), x . (o))

————— (2.6.35)
= 0 ), u" (02 !

We will now consider the higher—valence
twistors. The outer product 2" of two twistors
such as

X* = @m0 and 2" = whe ),

represented at 0 by

X* = «¢"o)yn,, (0)) and 2= (o"(o),x, (o)) ,
————— (2.6.36)

is

<
~N
[

%, 0, )

————— (2-6037)

(0" ftx  n e ynx_ ),

where the components of X“Z. consist of four spinors.
An important feature of the sum of products of type
- S 4}

X Z is the general 2 {-twistor S :

0
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S ') S B’ 9 SA‘ 9 A® B- L (2.6-38)
1t is often convenient to introduce separate
symbols for the various spinor parts. The notation

of the twistors is

SO:I = SAB sA .
»-
S B
A A° B9
In the same way we write the patterns of 1 - and
O |-twistors as 1
2
ES = E*  g*¥ " R 3 R R ° .
[ ] » (- ¥ | AB A
B E 'n RA RA°®
A = A B
These are 2Pt spinor parts of the p |-twistor
<
because of +the spin up and down. Another example of
a 2 |-twistor Ta.' which has eight independent spinor
1
ARC"~ BC
parts is TA'C s TA..C ’ T s T,. s
A A c° c-
T p-c ! TA B c ’ T » ! TA' = *
The specific notation of 2 |- and 1 |-twistors are
0] 1
[ & | N AB A ? o« = A AB
S = dg Vo BE E N e 8 f .
T " x 7 r ¥



CHAPTER 111!

GENERALJZED VECTOR MATRICES, BIMATRICES, AND OCTONIONS

The octonions and Zorn's vector matrices
have eight—dimensional structures. Some might wonder
how they really "look like", In Section 1 the
algebraic structures of octonions and Zorn's vector
matrices are considered, This leads naturally to
the topic of “"graded Lie-admissibility of vector
matrix algebras" , which is outlined in Section 2 .
Bimatrices, which are closely related to the special

case of Zz-grading. are then introduced in Section 3 .
In the last section, we describe the power-
associative praoducts on octontions, The graphieal
representations of the vector matrices and their
different types of product will be considered in
Chapter 1V , Some of +the 1ideas and results of these
two chapters will then be applied to the problems

of mechanics, robotics, and optics, in Chapter V .

Section 3.1 Octonions and Zorn’s Vector Matrices

In this section we will consider the
octonfons or Cayley numbers, which form an eight-
dimensional vector space. Their products are, in
general, both nonassociative and noncommutative. We
will introduce the "split octonions", which give an

algebraic structure closely related to that of the
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octonions, 1t will be shown how the split
octonions can be generated from the octonions, and
how they are related +to 2Zorn's vector matrices. (€31,

[5].[8],[22].[23].[30].[32].[59])

3.1.1 The octonion algebra orp Cayley algebra

A compos{tion algebra is def ined as an
algebrs A with identity and with a nondegenerate
quadratic form Q defined over it such that Q

permits composition, i,e., for x,y € A ’

Qixy) = Qe o __ (3.1,1)
There exist composition algebras over the real and
complex number fields, over the skew-field of

quaternions, and over the nonassociative division ring

of octonions. Their dimensions are, respectively, 1,
2, 4, and 8 ., The multiplication of octonions is
neither commutative nor associative, A composition
algebra is said to be a division algebra if the
quadratic form Q is anisotropic i.e., if Q(x) =0
implies that x = 0 N otherwise the algebra is
called split. A split algebrsa may have zero—divisors.
A basis for the real octonion 0 has eight
elements, including the ident ity 1, and the
imaginary units e, (A = lyeae ) where eAz = -1,
These basis elements satisfy the following
multiplication table (Table 3.1A). The multiplication
rules of the seven imaginary units of octonions can

be conveniently summarized in Fig. 3.1(a) and (b) ,



(a)

(b)

Fig.

3.1

The

seven

imaginary

units

of octonions

84



Ta

856

ble 3.1A The multiplication table of ocionionic‘units

* 1 e, e, e, e, e_ e e,
1 1 e, e, e, e, e_ e, e,
e, e, =1 e, -e, e, -e, e —e;_q
e, e, -e, -1 e, e, e, -e, -e,_
e, e, e, -e, 3 -e_ e, e, e
e, e, -e_ -e_ e_ -1 -e, e, e
e_ e_ e -e, = e, -1 -e, e,
e e, —e_ e, -e,_ -e, e, -1 e,
e, e e, e, e, -e, -e, -e, -1

It

more

can be seen that

concisely, e e = g e -6 @ —--—-—-- (3.1.3)
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where bA. is the Kronecker delta,

and eA.c is the totally antisymmetric Levi-Civita symbol
aAIC = SICA = SCAB = +1 ----- (3.1'4)

8nd E.AC = GAC. = EC.A = —1 ----- (3.1'5)

for ABC € { 123,147.165,246,257.354.367 o,

Note here the cyclic symmetry obtained by ordering

seven points. clockwise on a circle with numbering
(1 2 4 3 6 s 7) as given in Fig. 3.1(a). Then
a triangle ABC is obtained from (123) by 6
successive rotations of angle 2x/7. In Fig.3.1¢(a) the

elements corresponding to the corners of the triangle
form a basis of a quaternion subalgebra, Another
convenient way of represent ing the multiplication
table of the imaginary units of octonions is given
in Fig. 3.1(b).

From the above multiplication table, it is

clear that the algebra 0 is not associative, Yet it
satisfies a weaker condition t han assoclativity,
namely alternativity, The assocfiator (x,y,21] of

the elements XyYs2Z is defined as

(xyyy2z] = (xylz - xLyz . el (3.1.6)
The condition for alternativity requires the
associator [x,y,2] to be an alternating function

of x,y,z !

[z,x,yl1 = ly,z,x1

[x,y,z]

----- (3.1.7)

= -[y,x,2z1] ~“[xyz,y]l = -Lz,y,x] .
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The octonion algebra o with the above
bagis, considered over the real numbers R , is =a
division algebra with the quadrat{c fornm Q

defined by

Q(x) = XX = xx e (3.1.8)

where x is the octonion conjugate of x obtained

by replacing e, in x by - e

X = x + x e ’ X = x - X e ¢ —m——— (3.1.9)
o A A [»] A A
This quadratic form is also caltled the norm form
and denoted by N(x) . Then
- - 3 2
N(x) = XX = xx = X, + 3 x, ¢« T———— (3.1.10)

3.1.2 The split octonions
For t he split octonion algebra we choose

the following basis

o 2 7 o] 2 7
U = 1 (e + ie) , U.=1(e—ie),
1 1 - 1 2 1 -
————— (3-1.11)
U, = 1 (e + ie ) U.=l(e-ie),
F 2 2 [ 1 a3 2 2 l

U = 1 (e + ie) |, U =
25 [

v
N
v
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where i = J—l and is assumed to commute with al) e, .

These basis elements satisfy the multiplication table i

UU = ¢ * . v'u' = ¢ g .

1 K] 13k x 1 3 13k =k
uu® = -p , u'u = - v " ,

1 3 19 o 1 3 13 O
vuu "=y , u "u = y*" ,

1 () 1 1 [«] 1

----- (301.12)

uu, = U, \ v,'u,t = ot '

a "a - -
Uo - Uo ’ UO B U° !

" L f - & & = L] =

uu, =uu " =uu =u u® =uu, u "u, =0 ,
i"j’k o 1’2|3 .

Table 3.1B The multiplication table of split

octonions

* u, u, u," u,*
u, U, U, 0 0

u, 0 - u. u, —814 o
u " 0 0 u * u,*
u, " v, * -5 u_" 0 e, U,

(a)

i.j,k = 1.2’3 L}
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or
a2 | L  §
* U° U‘ U: Ua U° U‘ Uz U.
u, u, u, u, u, 0 0 0 0
] ]
U‘ 4] 0 U. —U2 U‘ —U° 0 0
L ] ]
Uz 0 —U. (o] U‘ Ua (o] -U° (o]
| L
U' 0 Ua -U‘ 0 U. 0 0 —Uo
v " 0 0 0 0 vl u'l u"l u*
o o 1 Y a 2
] L L ]
U‘ U‘ —Uo 0 0 (4] 0 U, —U3
v * vl o -u "l o 0 -u 0 v
a a o a8 1
v " u®l o 0 -u "l o U -u 0
] o 23 1
(h)
Clearly, the split octonion algebrsa contains zero-
divisors, hence it is not a division algebra.
We can select any group of the sets { 123 ’
147 165 , 246 , 257 , 354 , 367 3} to form the basis
of split octonions, for example,
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V° = % (1 + 19‘) ’ Vo = % 1 - ie’) ’
— : = -

V1 = % (e2 + 193) s V‘ = % (92 - ie ) N
= : . _

Vz = % (e‘ + 197) . V2 = % (e4 - e ) ’
— - . -—

Va = % (e6 + 195) ’ Va = % (e - je ) ’

or 4 MLE 00 T MRy % (3.1013)

W= % (1 + ie_) , w' o= % (1 - i@ ) .
- . s A

W‘ = % (ea + 191\ s W‘ = % (es ie ) ’
. ) s -

Wz = % (e‘ + 196) 3 Wa = % (e‘ 19.) ’

W = 1 (e + ie ) |, wW" = 1 (e -ie) .

3 2 [ 3 3 2 -3 7

The multiplication tables of the above two groups

of basis are quite similar to Table 3.1B ,

3.1.3 Zorn’s vector matrices
A realization of the split octonion algebra

is via the Zorn's vector matrices

a X ’ where a and b are scalars,
Y b
and X and Y are three-dimensional vectors, We can

relate the split octonions to the vector matricesj namely
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= [ 1 ’ = ( 0 o '
0 0o 1
_____ (301014)
= ro ’ = 0 0 :
0 e 0
1
then, = aU + x U + buU U v mm——— (3.1.15)
[«] 1 1 o 1 1
1f = a X and B c w s
Y Z d
————— (3.1.16)
thén multiplication table of is
Table 3.1C The multiplication of split octonions
]
A U U U U
o J 3
acl aw U 0 0
[] J 3
0 X We U dX -X 2 % U
1 3 13k 1 1 3 13 o
0 0 bdU bz U "
J3 3
cY U -YW&53H U 0 Y Z ¢
1 L 3 K] 13 o L S | 13k k
”Jvk 1,2|3 .



Thus
a X c w = ac — XeZ aW + dX + Y~Z ’
Y b YA d cY + bZ + X~W bd - YW
————— (3.1.17)
where . and ~ denote the wusual dot and vector
product, respectively, and e e = eleek ’ and
ei'eJ = BiJ ’ for i’J’k = 1'2.3 .
Zorn's vector matrices satisfy all the

conditions of the split octonion algebra with the

product stated above. Octonion conjugation as
defined above induces a natural fnvolutfon for the
vector matrices, as follows. Let
A = a X i A= b -X y ————- (3.1.18)
Y b -Y a
A = an + x’U. + bU + y‘U‘ ’
-— - L]
A = bU - x'UI + al -y U‘ .
Then AA = AA = 8 X b ~X
Y b -Y a
= ( ab + X-Y 0 .
0 ab + X-Y
————— (3.1.19)
Therefore NCA) = /(ab + XeY)(ab + XeY) , ——-—- (3.1.20)
Norm(A) = ab + XY . e (3.1.21)
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Section 3.2 Graded Lie—Admissibility of Vector Matrix

Algebras
The purpose of this section is to study
vector matrices in relation to the graded Lie-
admissibility of superalgebras, which is the idea
of Anargyros G. Fellouris . A special case of
Myung product is considered in the case of

superalgebras.

3.2.1 Zz—graded algebras

DEFINITION : An algebra A is said to be a Iz—graded

aldgebra if A = A°$ Al y with A‘Q A, c t+3imod 23
for any i,j = 0,1 . A morphism of Z‘-graded algebras
is a8 homomorphism $ ¢t A—> B such that ¢(Ai) c B1
for any i = 0,1 ,

A Za—graded vector space v, Z2 =0, 113,
is the direct sum of two subspaces i V° + the
even subspace, and v , the odd subspace. The

1

vlements of the even (respectively, odd) subspace are
called even (respectively, odd) . If A is any
graded algebra, then the elements of A are said

1
to be homogeneous of degree i , Therefore, both
even and odd elements are said to be homogenecus.
On the set Vo U Vi of all homogeneous elements,
we def ine a sign function ¢ by

g(x) = 0 . if x is even s

1 s if x is odd .
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3.2.2 A graded Lie-admissible superalgebra

For any algebra A, denote by A the
algebra with multiplication [(x,yl = xy - yx defined
on the vector space A . We call A Lie—admissible
if A is a Lie algebra, that ls, e A

satifies the Jacobi fdentity.
A Lie superalgebra M is a superalgebra
over a field F whose multiplication, denoted by a

bracket [ , 1 , satifies the following conditions:

d(x)a <y

[x.y] = - (~1) [y.x] [ I (3c2¢1)

tfor all homogeneous x,y,z in M (graded skew symmetry),

SE(xIS( x) dlyrld(xn)

0] = (-1) ffx,yl,zl + (-1) ffly,zl,x1

LA C SRy ff S VS T (3.2.2)

for all homogeneous X 4 ¥ 5 2 in M (graded Jacobi
identity) . We note that the even part Mo of
a Lie superalgebra M is an ordinary Lie algebra.
Let A = AOQ A| be a superalgebra whose

multiplication 1{is denoted by +the bracket [ , J on A :

d(x)d)oly)

[x,y] = xy - (-1) yx 00000 me——— (3.2.3)
for all homogeneous elements X,y in A , and we
extend it by linearity to all A . When the

superalgebra A endowed with t he multiplication



t , 1, becomes a Lie superalgebra, A is called a
graded Lie-adaissible superalsgebra ,
Clearly, every associative superalgebra is a

graded Lie-admissible superalgebra.

Using +the associator defined by
[x,y,21 = (xydz ~ x(yz) s e (3.2.4)
we call a superalgebra A superflexible if it

satisf'ies

E(n.y. =)

(z,y,x) = - (-1) (Xy¥y2) = ————— (3.2.5)
for all homogeneous elements XyY, 2 in A, where
2 (x,y,2) = 0(x)0Cy) + 6(y)o(z) + 6(zr6(x) .
————— (3.2.6)
A graded lLie—admissible, superal gebra A which
satisfies the superflexible law (3.2.5) is called a

superflexible graded Lie—admissible superalgebra .

A superalgebra A is superflexible graded
Lie--admissible if and only if the graded

derivative law :

(%) (y)

(x,yzl = ([x,ylz + (-1) vlx,2l = -—-we- (3.2.7)

is satisfied by all homogeneous elements XyYy2 in A.
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3.2.3 The 2 x 2 matrix algebra M

Let L be an anticommutative algebra over a
field F $ that is, L satisfies the ant icommutative
law Xy = - yx , X,y € L . Suppose that L possesses
a symmetric bilinear form L ’ ] satisfying the

invariant condition

(Xy,z) = (x,y2) s Xy¥s2 € L ~=v-= (3.2.8)
We consider the set of 2 x 2 matrices with
diagonal entries in F and off-diagonal entries

in L, defined by

M = { a X | a,b € F , X,y € L 3 $

i.e., M = M(L,s,t) , where s and t are scalars.

We define multiplication in M by

a X c U = ac + (X,V) alU + dX + tYV .

Y b \) d cY + bV + gXU bd + (Y, D)

M is a flexible quadratijc algebra , That is, M

is an algebra over F with unit element 1 = 1 0 s
which satisfies the flexible law 0 1
x(yx) = (xy)x s e (3.2.10)

for all Xyys2 € M , and a8 quadratic equation



97

3
A - (a + b)A + (ab - (x,y)) = 0  ——cc- (3.2.11)

for all A = a X € M.

a

Since in Eq.(3.2,.11) A is a linear
combination of 1 and A, it follows fram Eq.(3.2.10)

that M satisfies the Jordan identity

A*(BAY = (a’Bya for all A,B € M , ——=——n (3.2.12)

If a flexible algebra satisfies Eq.(3.2.12), then they

are called a noncommutative Jordan algebra,

lLet L be the three-dimensional simple Lie
algebra with the outer product as multiplication,
and let « ) be the wusual inner product. Then
the algebra M (Ly1,-1) with s = 1 , t = -1 def ined

by Eq.(3.2.9) is +the split octonion algebra (char F # 2).
If L is a three-dimensional vector space in which the
outer product is the vector product and the inner

product is the dot product then the multiplication is

a X c u = ac + (XeV) alU + dX - Y~V .

Y b \') d cY + bV + X~U bd + (Ye)
_____ (302.13)
This multiplication is the previous multiplication

of Zorn's vector matrices.
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ovenr F with a

and A be an algebra

form ¢ (i.e.,

Denote by ME(L.A.¢)

s X, Y e 1., a,b € A .

in Me(L,A,¢) as

a X c U = $(a)U+p(dI)X+(FIYV |,
Y b vV d $p(cIY+o(bIV+(g) XU bd + (Y,UWe
----- (3.2.14)
where e f and ¢ are fixed in A .
Anargyros G. Fellouris [25] wused this matrix to find
the multiplication of superalgebrs, that is,
a X c U = ac + (X, Ve ¢(a)U + ¢$(d)X + LYV |,
Y b vV d d(c)Y + ¢$(b)V + sXU bd + (Y,Ue
————— (3.2.15)
where e is fixed in A, and s,t are scalars in F,.
Consider the subspace of m as
Mo = { - a 0 T ) a,b € A } ’
| 0 b
M, = { | 0 X ! X,Y € L 3 !
Y 0
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Cleartly M is the direct sum of M and M s
[o] 1

but in order that M possesses the structure of a
Sraded algebra the following inclusion relations must
hald

MM ¢ MO ' MOM‘ C M‘ ’ and

MM ¢ M . - == (3.2.16)

1 1 O

Consider t.he product M‘M’ from two arbitrary odd

elements

A, = 0 X and B = 0 U, ----- (3.2,17)
Y © vV o
viz. A B | (X,V)e  tYV 1 &__1% (3.2.18)
sXU (Y,We

If AB catisfies Eq.(3.2.16), then t and s are both

Lero. Eq.(3.2.14) becomes
a X ¢ U = ac + (X, Ve $(allU + p(d)X .
Y b V d $(c)Y + $(b)V bd + (Y,We

—————— (3.2.19)

3.2.4 The graded Lie~admissibi1ity of M

We now investigate +the graded Lfe—adm{ss{bitity

of the nonassociative superalgebra M def ined in
Section 3.2.3 . Let
A = a 0 , B = c 0
=) (2]
8] b 0 d
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be two elements in M° ’ and A1 ’ B‘ be the
two arbitrary odd elements given by Eq.(3.2.17) .
Then, using the definition (3.2.3) and (3.2.19) , we

find

-
[AO,BOJ . ac — ca 0 ’
0 bd -~ db
tAo’A;] . 0] [é¢Ca) - ¢$(b)IX ’
Lé(b) - $(a) Y 0 |
- -
(A‘.B‘J . C(X,V) + (U, Je 0 .
0 LY, U) + (V,X) e
L o

Hence the inclusion relations

(M M1 ¢ M ’ [M , M1 c M ’ (M M1 ¢c M
[o] o o o 1 1 1 1 o
————— (3.2.21)
are clearly satisfied. The condition of sraded
commutativity is also satisfied , because
[B,C1 = BC - (-1H)*‘"'°“®’¢cp
= _ (—I)O‘B’O(C,[C.B]
for all homogeneous elements B, C in Mo V) M’ .
The graded nonassociative superalgebra M ’ defined by
M = { a X | a,b € A 3 X,Y € L 3 ’
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={(ao | a,b € A 3 |,
ObJ

= q 0 x I X,Y €L 3 |,
Y o
L J

that satisfies Eq.(3.2.15), is a graded Lie-admissible

superalgebra provided that t he following conditions

are satisfied :

Specify

(ii) The algebra A is commutative or

associative or a Lie algebra.

(iii) The linear form ¢ on A is symmetric.
(iv) e belongs to the center of A .
(V) The bilinear form « 4 ) on L is

symmetric.

The €raded Lie-admissibility of vector matrix

algebras

Consider the vector matrix

= a X .
Y b
= u 't = 0O o0
u, = 1 0 , o = ,



for

Let

and

X, Y

where

and

where

Using

find

Then

of

relation

o
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U, = 0 e, u, = 0 0 s
0 0 e, 0]
i =1, 2 , 3 .
M " = au + bu " = a 0] '
o [ o
o b J
M" = S(Xu+Yyu®" S = [0 x
i—.zli L S X ’
Y 0
€ R° , and let A "B "eMm" |,
(=] o o
A" = a o B " = c o |,
o o
0 b 0 d
] [ ] ]
A‘ ,B’ M1 ’
A" s 0 X B " = o u| .
1 1
Y 0 v 0
the definition (3.2.0) and (3.2.9) again, we
that
]
[Mo .Mo = {0 3 s
(M ", M = €, (3.2.22)
[«] 4 1
tM ", M = M
1 1 o
superflexible graded Lie-admissible superalgebra
vector matrices becomes trivial, because of the
tM .M "1 = 013 .
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Section 3.3 Bimatrices

Ip Section 3.1 t he multiplication table of
octonions is éhown in terms of the basis (l,e’,ez,...,ev).
Now we will introduce the representative matrices of
the units of this basis by wusing the forms of the

i-type and e-type hypernumbers, namely,

i, = ( i (6] s i, o= [ 0o -1 ’
0 i J 1 0 J
O—ij 1 OJ
_____ (3.3.1)
€ = [-1 0 = I, € = (0 i s
[o] 1
(8] 1 J -1 0
)
e, = 1 0 4 a’ = { 0 1 .
0o -1 1 0
| ] 1 ]
where € ez and ea are the Pauli spinors of quantum
physics, ([49].[50],[51J.[52],[53].[54].[55]) The basis

elements € e e, and e, are the units of the quaternions,
which have been used in the spacetime algebra of relativity.

The relation between i-type and te-type hypernumbers are



Consider
separated by a
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domain A (left
B (right of
bimatrices with
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]

Applying these

representations
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two matrices A and B , which are
vertical stroke operator ( | ). The
is defined, consisting of the fipst
of the stroke) and the stroke domain
the stroke). The rules for the

the i-type and te-type hypernumbers as

the stroke domains are ag follows i

chli ’
il 4 '8 e avla 00w W s B —~e———e (3-303)
'ti = ¢ 14 = i le .
2] o
rules, we have the following
of {i-type and e~type hypernumbers :
I = e, = [ 1 (o} '
0 1
i )
11 = ( 0o -1 ’
1 0] |
i1 = ( i o ’
0 -i J
i1 = ( o i s
i 0] J

————— (3.3.4)



tus

[
i, = II:, = ll‘ = { 1 0 0o -1 ’
0 1 J 1 (0]
| ]
i = i i = [ 0 [ 0 -
& 3 1 ! ! ’
i 0 1 0
| J
.
L li‘ = -1 0 ( o -1 s
(0] i J 1 0 J
X - [
iy = 1‘|1‘ = ( o -1 o -1 ’
1 (0] J 1 0
B J
where the last four hypernumbers are expressed as
bimatrices, and
[ = Ili = i 1} = ( i 0 ’
o [=) o
0 1
€ = ¢ |1 = 0 i ’
1 1
-1 0
| J
€ = & |1 = ( 1 0 ’
a 2
o -1 J
-
£ = e 11 = 0 1 ,
a a
1 0 J

————— (3.8.5)



106

e, = lle‘ = le = { 1 0 0] i s
(8] 1 ~1i 0
L J X
e = 1‘Ie‘ = 0 1 0 i ’
-1 0 -i 0
i [
€ = =i lge = =i 0 0 i s
6 a 1
0 i J -i 0]
- -
& = i le = 0 i 0 i .
7 3 1
i 0 -i 0
| | j

In the same manner, By By E and ¢&_ are bimatrices.

& . 7

The multiplication of +two bimatrices, however,
can be explicitly given. Such multiplication 1is in
general anticommutative and antfassociative, From
iolc = Iioe (thus, the stroke is permeable to io

and hence bimatrix—comnutative), we have the following

rules for bimatrix multiplication, where A, B, C and
D are matrices and exclusion for * io and  I.
All = Al = A ’
I1B = IB ’
(1) = %11 = 1 ’
111 = 1% = .
IiO = iol = i° ’
ACIB) = ~(IB)A = -AlB P
IBIC = (IBY(IC) = 1 (BC) = {tBC ,
a a 3
(AIB) = -—-A IB (by anticommutation) ’
a a 2
CALA) = ~-A |A (also by anticommutation) ,
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a -3

(i_IB) = -IB ’

(AIB)I(AID) =  -A%|1BD ,

(CIB)Y(AIB) =  ACIB®

A(CID) = -ACID = -(CIDYA = CAID ’

BCAIA) = (BAIA) = (AIA)B ,
& a

(AIBY(CID) = ACIBD ’
b

(CID)YCAIB) = CAIDB ’

(note anticommutation) ’

(CIDYA = -A(CID) = ACID ’

(AIB)(IB) = -AIB® = -(IB)(AIB)

A(AIB) = -(AIB)A = -A%1B .
43,8b

Two separate anticommutat ions yield a net
positive result .

We can show that t he multiplication of

bimatrices is, in general, antiasscciative, by applying

the above rules to the hypernumbers, such as the
units of the octonions, that is,

i 1 )01 1) = =Ci )i 11) = =i _Ii = -i ’

1 3 1 1 7
i i (i 11)) = i (-i_11) = i 1i = o+ )

1 1 3 7
i i = i or Gi 1i)(-i 11) = -1 |-i = j .

B [ 3 1 2 3 -]
Bimatrices can be used also in the set of e-type
union i-type hypernumbers, which has 16-space

arithmetic.

Table 3.3 The multiplication of the bimatrices

with the octonionic units as domains
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Section 3.4 Power-Associative Products on Octonions

Myung has studied Malcev-admissible algebras
and an associative praduct on octonions, and

considered the property of the operator :

A % B = % CA,B] + T(A)B + T(B)A + 0(A,B)e ,
—————— (3.4,1)
A;,B € M o M = a X s where T(M) is a
Y b

linear function and (4] is a bilinear form. (C41,{241,

[43],[44],[45],(57],[58]) We will study +the cases of
T(M) and 0(A,B) that make the product A%B power
associat.ive orp flexible, by giving examples of T(M)

such as

T(M) = 0 ’
T(M) = gah L (3.4,2)
T(M) = X1ty s
a a 2 a
T(M) = / a + b + IXI" + |YI '

and compute the results by using a computer.

3.4.1 Malcev-admissible algebras

DEFINITION : An aigebra M with multiplication CA,B] over
a field F of arbitrary characteristic is called a
Malcev algebra if it satisfies the ant icommutative law
TA,Bl = - [B,Al <(which implies [A,A] = 0), and the Malcev

identity



(CA,B],[A,C]1] = [[[A.BJ.C],AJ+[[[B.CJ,AJ.AJ+[[[C.AJ.AJ.B] ’

————— (30403)
for all A,B,C e M , An algebra L over F is said
to be Malcev admissible if the attached minus

algebra L is a Malcev algebra.

Let L denote the associative algebra of n x n
matrices over a field F of characteristic not 2 or
3, and let AB denote the matrix product in A .
We write (L, %) for the algebra with multiplication
A % B def ined on the same vector space as L , and

\

(L, %) for all the algebras that satisfy the +third

power identity
(A % A) % A = A % (A % A) y F§F  F--- (3.4,4)
and the relation
[AyB1° = A % B -B %A = [A,Bl = AB - BA ,
————— (3.4.5)
for all A,B € L . The multiplication A % B in such

an algebra (L, %) is described by

A % B = % (A,Bl + T(A)B + T(B)A + p(AB + BA) + 6(A,Ble ,
_____ (304-6)
for a linear functional T+ L— F and a symmetric

bilinear form 4] H L x L — F , where e is the

identity element of L . In the case n = 2 , p € F
can be +taken +to be zero. (L, %) is thus a power-
associative product which depends on the relation

between 71 and g .



3.4.2 Third and fourth power-associative products

Let 1] = 0 (a,p,?) be an octonion algebra
over a field F of characteristic # 2 , Let t
be the trace in © y and let V = { A € @ | t(A) = o1 .

Then, 0 = FB@ v, and V is closed under the product

£, 1, where e is the identity element of 0 . It
is well known that V' is a 7-dimensional central
simple Malcev algebra for «ap¥ # 0 . We can choose
a basis e‘,e:....,e7 of v s0 that v has the

following multiplication table (see Table 3.4A).
Table 3.4A The multiplication table of the 7~

dimensional central simple Malcev algebra

- . . - -
e e e e e e e
1 2 a - = [ 7
e, -—ae ZeS ~2aea 29E —2<xe4 ~2e7 2ae‘
e -ge Zpe‘ 2e6 297 -Zpe4 —Zpes
e -ap¥ 2e7 -Zae‘ ZpeE —Zape4
e -fe 2%e 2%e 2%e
- 1 2 2
e_ ~ade —239S 2cx1!ez
— e e —-4. . ]
e -ple -ZpBe‘
e —aple
U SR | ]
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The off-diagonal entries represent the products in

Y and the diagonal entries are all non-vanishing

Jordan products

>
t
)]

% (AB + BA) s mm——- (3.4.7)

for A,B = ¢ seces@

Since AB

n
s
-
>

@
=
+
>

L]
o
~
w
IS
©

the products in O are readily obtained in Table 3.4A.
If A % B is a third power-associative product
defined on the vector space \' over F of

characteristic # 2 , with

(A,B1" = A B - B*%A = [A,Bl] = AB - BA ,
then the product A % B is ¢given by
A X B = % LA,B} + T(A)B + T(B)A y ———-= (3.4.9)
for some linear functional T . A linear functional 7

on V is +third power-associative.

I £ 0 is an octonion algebra over a field
F of characteristic # 2 and A % B is a third power-

associative product defined on @ such that

(A,B)" = A %B-B %A = - [A,Bl , -—--—- (3.4.10)



then there exist a linear functional 7T on O and a

symmetric bilinear form 6 on © such that
A % B = % CA,B] + T(A)B + T(B)A + 6(A,Ble ,--—--- (3.4.11)

for all A,B € L , where e is the identity element

of 0 , Conversely, any product given by Eq.(3.4.11),
with a linear functional T on O and a symmetric
bilinear form g on O , is third power-associative.

But (0,%) is fourth power-associative if and only {if

one of the following conditions holds :

(a) T is arbitrary and ¢ = 0 H
(h) d is arbitrary and (4 is given by

T(A) = - d(e,A)

(c) T and ¢ satisfy the relation

T(AYT(B) - d(e,A)d(e,B) + 0(A,B)d(e,e) = o .
Now (0, ) = (0,*)+ is a quadratic Jordan algebra.
Thus, (0, %) is Jordan—admissible as well as
Malcev-admissible. If the characteristic of F is
not 2 or 3 . then (0,%) is power-associative if
and only if one of the conditions (a) - (¢) holds.
3.4.,3 Third and fourth power-associative products on

split octonions
Recall the split octonions considered in

Section 1 ., Let A be a vector matrix



A = a X » a,b €R and X,Y € R®,
Y b
where R is three-dimensional vector space. If the
basis of A is given as follows i
[ ]
Uo = { 1 0 . U° = ( 0 0] s
0 0 J 0 1 J
————— (3.4.12)
.
U = 0 e 4 v = [o o ,
i 1 1
0 0 J e 0]
| L]

then A is an algebra of split octonions,

Consider Eq.(3.4.6)

A % B = 1 [A,B]l + T(A)B + T(B)A + B(AB + BA) + 0(A,B)e ,
for A,B € L s CA,B] = AB - BA , with a linear
functional T ¢ L —> F and with a symmetric bilinear

form ¢ : L x L — F s+ Wwhere e is the identity element

of L . In this case g can be taken to be zero
since A is a 2 X 2 vector matrix algebra. Then
the algebra (L, %) is third power-associative if and

only if the product “xv is given by
A % B = % (A,B]l + T(A)B + T(B)A + c(AB) y ————- (3.4.13)

for all A,B € L , where 1T is a linear function

on L , and ¢ is a scalar {in F . But the algebra
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(L,%) is fourth power-associative product if and

only if one of the following conditions holds :

2 a

(a) 6 =0 and (L) = Ja®> +b* + 101° + v
1 Xl and 1YI are magnitudes of X and Y,
respectively ;3

(b) T =0 and ¢ is arbitrary.
The algebras (L,%) with multiplication defined

by Eq.(3.4.6) is flexible if and only if the

linear functional T on L s identically =zero. Then
A % B = % CA,B) + c(AB) , = ——eeo (3.4.14)

for all A,B €L , where ¢ is a fixed scalar.

Tables 3.4B - 3.4E are the results of

numerical computation,
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Table 3.4B

A % B = % CA,B]l + T(A)B + T(B)A
CA,B]l] = AB - BA
If A = a X s B = c U ’
Y b v d
then AB = ac + (X « V) g(d)X + gla)U + t(Y~V) s
g(c)Y + g(b)V + s(X~U) bd + (Y-U)

where s and t are scalars in F , and the linear

function g : F —> F 1is given.

T(A) 0 ab IX11Y1 / a+b +1X1%+1v1?
property
flexible J X X x
antiflexible X X X x
rd
3 power- v v v J
associative
th
4 power— v x X J
associative




Table 3.4

c

% CA,B] + T(AYB + T(B)A

[A,Bl] = AB - BA
If A = a X ’ B = [ U .
Y b \'4 d
then AB = ac - (X » V) dX + al + (Y~V) .
cY + bV + (X~ bd - (Y.U)
a a a 3
T(A) 0 ab IX11Y) /_a +b +1XI +1YI
property
flexible J p 4 X X
antiflexible X X X X
3"% power- J J J J
associative
4*" power- J X x J
associative




Table

3.4D

A X B = % CAyB] + T(AYB + T(B)A + c(AB)
CA,Bl = AB - BA and is a scalar in R
B
1 A = a X ’ B = c U ’
Y b \'J d
then AB = ac - (X « V) dX + aU + (Y~V) .
cY + bV + (X~U) bd (Y « W
TCA) 0 ab IXI1YY /a’+b’+|X|’+|Y|’
property
flexible J p X p 4
antiflexible X X X X
3" power- J J J J
associative
a*" power- v X b4 X
associative




Table 3.4E
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A% B = 1 T[A,B] + T(A)B + T(B)A + c(AB)
2
CA,B]l = AB - BA and c is a scalar in R
[
If A = a X ’ B c U ,
Y b \'4 d J
then AB = ac + (X « V) g(all + g(d)Xx ’
€(b)V + g(c)Y bd + (Y « U)

where g 1is +the

linear function,

g : F—F .

T(A) 0 ab IX11Y /e’+b’+|x|’+n|’
property
flexible J x x x -
antiflexible X x X x
rd
3 power- J J v J
associative
a*" power-— J x x X
associative




CHAPTER 1V

THE REPRESENTATION OF VECTOR MATRICES
WITH THE PICTOGRAPHICAL COMPUTER METHOD

This chapter gives an account of the
representation of vector matrices with the pictographical
computer method. (See Appendix A)

For simple three-dimensional graphics, the right-
handed Cartesian coordinate system (X,Y,Z) may be aligned
such that the Y axis is horizontal in the output display
rectangle from left to right, the Z axis 1is vertical
running from the bottom of the display rectsasngle to the
top, and the X axis, pointing upward , is thus

perpendicular to the display surface. (see Flg. 4A)

Z anis

0,v,2)
0,0,2)

(X,Y,D)

»2)
(0,0,0)} \(d,Y,0)

"#"-‘” (X,v,0

X axis

» Y axis

Fig. 4A The right handed Cartesian coordinate

system and the display rectangle
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A simple and nsestural way for mapping from the
three-dimensional coordinate space onto the display

rectangle is gilven by

(X,Y,2) ——> (X',Y) ;

that s, +the 2’ component {s ignored and (X'.Y') is

used in the manner of two-dimensional graphics . (L641])

Consider the form of the vector matrix M,

M = a U s for a,b € R , u,v € w ,
V' b

where U = U“i + UyJ + U'k eand V = Vxl + VyJ + V'k.

The fixed vectors U and V in three-dimensional &pace
both start from the origin (0,0,0), and go to point
(U“,UV,U:) and point (V”'VV.V-), respectively.

The representation of the vector matrix M |is

shown iin Fig. 4B below.

Z axis

b

Y axis

R axis
Fig. 4B The representation of a vector matrix M

in three-dimensional coordinate space
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The values of & and b are represented by asterisks on Y
and Z axes, respectively. The vectors U and V are

represented by bold li?e and ordinary line, respectively.
The projections of +the vectors U and V in the XY,
YZ, and Xz planes are represented by dash lines as
shown i{in Figs. 4C - 4D. The three projective lines for

each vector are mutually orthogonal.

I axis

Y axis

Fig. 4C The projection of U in three-dimensional

coordinate space
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I axis

Y axis

Fig. 4D The projection of V in three-dimensional

coordinate space

The connect ing lines of U and its
projective lines ( ny ’ Uy’ sy and Uu' , and the
projective lines on the X, Y, and Z axes, are

drawn {in such a way that the components of the vector U
are clearly seen (see Fig. 4R). Similarly, the
projections of +the vector V on all the axes are

shown {in Fig. 4F.
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Fig. 4E The projections of vecton U on all axes

Qyoormecesresesnsacee
e
(AN "s‘
: LN ~e
.
) “-
: .
. A
H .

....................

Fig. 4F The projections of vector V on all axes
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The construction of perspectives of planes and

octants for graphical display is illustrated in Fig. 4G

YZ plane

i L S
<

\
\\ K ¥V olane

XZ plane

Fig. 4G Three mutually orthogonal planes

In Fig. 4H is shown the combination of the

seven preceding figures (Figs. 4A - 44).
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Fig. 4H The combination of the seven preceding

figures
In the following, the representations of the
vector matrices a X ’ and c U ’ are shown
Y b vV d

in Figs. (a) and (b), respectively.



The Zorn product C = A % B
where C = ac — Xe-V alU + dX + Y~V ,

cY + bV + X~U bd + Y-V
the Fellouris product D = A X B
where D = ac - XeV alU + dX ’

cY + bV bd - Y-V
and the Myung product
A 2 B = %EA,B] + T CAD>B + T B A
where CA, B = AB - B A X and AB and
BA are, respectively , the Zorn or the Fellouris
product, are then presented. The choice of the
linear functional T is considered in chapter Imr .
The pictographical representations of the Myung-Zorn
products , j ( with T = 0) and ) O ( with

2 a a - a .

T = /a + b + IXI + |1Y! )y are displayed.
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MVUNG-ZDAN PRODUCT MVUNG- 20PN PAODUCT
iy 2

rﬁ“. ‘‘‘‘ /g
o Y /k
- 2 3 gl -:;:- + ’:I o " Py Y
...... Gy |
Y
i
R
4.
X
-4.0
(&) N
Fig. 41(1) The representations of the vector
matrices A, B, ZORN PRODUCT cC , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = /a’ + b+ Ut o+ vy,

where A, B ’ C ’ D ’ E y and F € M

( M =, a U ) sy for data set 1, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vecto?s U and V are represented by

bold lines and ordinary 1lines, respectively.



130

>
1
Z — "
- /2 |—
$ 2 >
H
¥ [ 2 e
L] 4 <
. i B
[ Y &
f
P4
el 'V
h%t ¥
% =
-t
~ "
=] O
. T\ -1
- et [) NS ’
u .+ II ~ o
/ L
s S ] // I.\hl
B dhdy SES3AL RTDE o A Y
s -~
o PR § :
d K R
- o 3
Y il .
L SN I A d
1
s
-
s
>
4
2
(-]
d
-
R 0
-
L 3

((*}]

(a)

FELLOURIS PRODUCT
4

2.0

Cl2}1

(d)

(o)



131

NYUNG-ZDM PRODUCT
Ef2] Z Ft2) Y4
0.2 4.0
0.2 = S -4.0
“ ) ".‘\ 4
1‘. ',‘5: w s
e B . PN
v 5 "‘-... ) 1 \‘.\ " k
u:'" “‘ A + +—4 \{ . -y t 3 o
\\“\~~.‘\“.‘ gn' 4 .”,’ll hd ey |....
o Lt Sy
N == N
L 7
f
)
¥ 4 1
x: N
-0.2 ~4.0
(@ wn
Fig. 41(2) The representations of the vector
matrices A, B , ZORN PRODUCT Cc , FELLOURIS
PRODUCT D , MYUNG-ZORN PRODUCT j ( T =0) s, and

MYUNG-ZORN PRODUCT F ( T = / a” + b + U1+ v,

where A ’ B ' C ’ D ’ B ’ and ) € M

( M = a U ) y for data set 2, The scalars

a and b are represented by asterisks on the Y and
Z axes. The vectors U and V are represented by

bold lines and ordinary lines, respectively.



132

z
A3} o3 Z
1.0 . 1.0
-1,0 ~1.0-
’
4
b o » ’
¢ 1 N ’
’.‘s:__::.——*— h " : "'._ “‘:.. l' ;"
A Stmalld ’ : o TN\ 12
Yyt £ Y s s T Y
l.' H -7, Ny 1 -] -~ . 1
H : 7, % s e, Ny, M
E h P ‘.'5 e i ..‘
. . e Ny . : *
. . 7’ v ! R ., ' s
. ’ } AN Y et ")
C -:A--..;.l......... ."‘ ) H
.‘-i’ ‘._.
1. 1.
X X
-1.0 -1.0
(a) (b)

ZORM PRODUCT FELLOURI'S Promuct
ey 2 b3 2

2.0 2.0




133

MVANG-ZORN PRODUCT
ey 2

Fig. 41(3) The representastions of the wvector

matrices A, B, ZORN PRODUCT c , FELLOURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (T =0) , and

MYUNG-ZORN PRODUCT F ( T = ./ 8" + b + 1U*1 + 1V )

where A, B ’ C ’ D N E ’ and F € M

M = a U ) , for data set 3, Thel scalars
V b

and b are represented by asterisks on the Y and

axes, The vectors U and V are represented by

bold lines and ordinary lines, respectively.
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Fig. 41(4) The
matrices A, B , ZORN
PRODUCT D , MYUNG~-ZORN
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( M = a U ) sy for
V b
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Fig. 41(5) The representations of Lhe vector
matrices A, B , ZORN PRODUCT cC , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (T =0) , and

MYUNG-ZORN PRODUCT F ( T = ./a’ + b+ 0%+ vty

where A, B ’ C ’ D ’ E y and’ F € M

( M = a U ) ’ for data set &5, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represanted by

bold lines and ordinary 1lines, respectively.
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MYUNG-Z0RM PRODUCT

ew) 2
0.2
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Tt . * + Y et
B e \ 0. - a. Y
—....'.:Z: .............. \\
\\
Tit] ol
~ ] .\‘k ! _\x
-o.z\ -0.8
(e) €}
Fig. 41(6) The representations of the vector
matrices A, B , ZORN PRODUCT C , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = ,/a’ + b 4+ Ut o+ vy,

where A, B ’ C ’ D ’ E s and F € M

( M = a U ) ’ for data set g, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and Srdinary lines, respectively.
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em 2 Fey 1
0.2 0.8

N\ -2 | \ 0.8

-4 T r 0 i 0

\ N

\ ?4:

0.6

X X

-0.8
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Fig. 41(7) The representations of Lhe vector
matrices A B , ZORN PRODUCT C , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (T = 0) y» and

MYUNG-ZORN PRODUCT F ¢ T = J a® + b> + 1U*1 + 1V*1 ) ,

where A ’ B ’ C ’ D ’ E ’ and F L < M

( M = a U ) y for data get 7. The scalars
V b

a and b are represented by asterisks on the Y and

yA axes. The vectors U and V are represented by

bold lines and ordinary lines, respactively.
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Fig. 41(8) The representations of Gthe vector
matrices A, B , ZORN PRODUCT C , FELLOURIS

PRODUCT D, MYUNG-Z20RN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F (T = / a” 4+ b+ 1UY + v ’

where A ’ B ’ C s D ’ ) S ’ and ) 3 e M

( M = a U ) y for data sget 8. The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and ordinary lines, respectively.
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matrices A, B , ZORN PRODUCT Cc , FELLOURIS
PRODUCT D , MYUNG-ZORN PRODUCT E ( T =0) » and

2 a

MYUNG-ZORN PRODUCT F (T = ,/a’ + b7+ vt o+ v,

where paN ’ B ’ C ’ D ’ E » and F (= M

( M = a U ) ’ for data set 9. The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The wvectors U and V are represented by

bold lines and ordinary 1lines, respectively.
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matrices A, B , ZORN PRODUCT cC , FELLOURIS
PRODUCT D , MYUNG-Z0ORN PRODUCT E (T =0) , and

MYUNG-ZORN PRODUCT F ( T = ./ a® + b + Ut o+ 1V

where A ’ B ’ C ’ D ’ j ' and F

( M = a U ) ' for data set 10,
V b
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Z axes, The vectors U ancd V are

= M
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Fig. 41(11) The representations of the vector
matrices A, B , ZORN PRODUCT c , FELLOURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = ./a’ + b2+ U+ v,

where A, B s cC ' D ’ E , and F € M

( M = a U ) , for data set 11, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold 1ines and ordinary lines, respectively.
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Fig. 41(12) The representations of the vector
matrices A, B , ZORN PRODUCT cC , FELLOURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = ,/a’ + b+ U+ v,

where A ’ B ’ C ’ D ’ ) N ’ and F [ M

( M = a U ) ’ for data set 12. The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and ordinary lines, respectively.
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Fig. 41(13) The representations of the vector
matrices A B , ZORN PRODUCT C , FELLOURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ¢ T = J a + b” + 101 + 1V*1 ) ,

where A ' B ’ C , D ’ ) ’ and ) € M

( M = a U ) y for data set 13. *The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and ordinary lines, respectively.
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Fig. 41(15) The representations of the wvector
matrices A, B , ZORN PRODUCT C , FELLOURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = ,/ 8® + b + U :

where A , B , C , D, E , and° F e M

( M = a U ) ’ for data set 15, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and ordinary lines, respectively.
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Fig. 41(16) The representations of the vector
matrices A, B , ZORN PRODUCT cC , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (T =0) , and

MYUNG-ZORN PRODUCT F ( T = ./a’ + b+ U+ v,

where A, B ’ C ’ D ’ E » and F € M

( M =, a U ) , for data set 16. The scalars
V b

a and b are represented by asterisks on the Y and

Z axes, The vectors U and V are represented by

bold 1lines and ordinary lines, respaectively.
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( M = a U ) y for data set 17, The acalars
V b

a and b are represented by asterisks on the Y and

Z axes, The vectors U and v are represented by

bold lines and ordinary 1lines, respectively.
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Fig. 41(18) The representations of the wvector
matrices A, B , ZORN PRODUCT cC , FELLQURIS

PRODUCT D , MYUNG-ZORN PRODUCT E (T =0) , and

MYUNG-ZORN PRODUCT F ( T = /a’ + BT+ UM+ v

where A, B ’ C ’ D ’ E , and F (= ™M

( M = a U ) ’ for data set 1g, The scalars
V b

a and b are represented by asterisks on the Y and

YA axes. The 'vectors U and V are represented by

bold lines and ordinary lines, respectively.
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Fig. 41(19) The representations of the vector
matrices A, B , ZORN PRODUCT C , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (T =0 y and

MYUNG-ZORN PRODUCT F ( T = /a’ + b2+ U1 + vy,

where A, B ’ C ’ D ’ E y and F € M

( M = a U ) , for data set 19. The scalars
V b

a and b are represented by asterisks on the Y and

yA axes. . The vectors U and V are raepresented by

bold 1lines and ordinary 1lines, respectively.
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Fig. 41(20) The representations of the vector
matrices A, B , ZORN PRODUCT c , FELLOURIS

PRODUCT D, MYUNG-ZORN PRODUCT E (7T =0) , and

MYUNG-ZORN PRODUCT F ( T = ,/a’ + b+ U+ v

where A, B s ’ D ’ E » and F (= M

( M = a U ) y for data set 20, The scalars
V b

a and b are represented by asterisks on the Y and

Z axes. The vectors U and V are represented by

bold lines and ordinery lines, respectively.



CHAPTER V

APPLICATIONS OF GENERALIZED VECTOR MATRICES,

HYPERCOMPLEX NUMBERS, AND DUAL NUMBERS

"In every mathematical investigation, the
question will arise whether we can apply
our mathematical results to the real worild."

LVladimir Igorevich ARNOL®D (1837-)]

In this chapter we will consider the applications

of generalized vector matrices and certain types of
hypernumbers, viz. hypercomplex and dual numbers, to
mechanics, robotics, and optics. Section 5.1 gives the

applications of dual numbers and quaternions, and, in
particular, the dual quaternions (quaternions with dual

number components), to the analysis of multi-rigid-body

and gyroscopic systems. Applications of ¢generalized
vector matrices and of hypercomplex and dual numbenrs
to robotics and optics are given, respectively, in

Sectiuns 5.2 and 5.3.

Section 5.1 Application to Mechanics : Multi-Rigid-Boudy
and Gyroscopic Systems

In recent years, there has been considerable

interest in the application of dual numbers and quaternions

to the kinematic analysis of spatial mechanisms, The

pioneering work in using dual numbers in "applied
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Fig. 5.1A A RCCC mechanism
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mechanics was developed by Dimentberg (1965), Denavit
(1958), and Hartenberg. Dimentberg applied dual numbers
particularly in screw calculus, and Denavit and Hartenberg
combined dual numbers with matrix coordinate-transformations
for displacement analysis of several basic spatial
mechanisma, including +the RCCC mechanism (one revolute
and three cylindric pairs), as shown in Fig 5.1A .

The RCCC mechanism is capable of transforming a
rotary motion into a variable-pitch helical motion. The
motions of its input link and output link are simple : The
input link rotates about the input axis, the output link
rotates a8bout and slides along the output axis} both
axes being fixed in space. The motion of the floating
link, however, is relatively complex : The 1link spins
about and slides alon¥g one floating axis attached to
the input link which precesses about the input axis
and, at the same time, the floating 1link spins about
and slides along another floating axis attached to
the output link which rotates about and slides along
the output axis.

In general, we may describe the motion of the
floating 1link as a combination of rotation and sliding about
and along an instantaneous screw axis which involves
location change as well as changes in direction relative to
the fixed link. The floating link, therefore, is subject
to both Coriolis and gyroscopic effects. (£201,0311,0361,

t4131,0461,0611,0711,0(761,(781,0791,0(801,(811,(821,0841,(851)
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5.1.1 Rotating coordinate systems

The following is a brief survey of the relation
between a rotating coordinate system and a fixed inertial
coordinate frame, and includes a discussion of the
relationship between a moving coordinate system (rotating
and translating) and an inertial frame. In Fig.5.1B, two
right handed coordinate systems are given : an unprimed
coordinate system OXYZ (inertial frame) and a primed
coordinate system OIXIY'Z'(rotating frame), whose origins
are coincident at a point 0, and the axes OX',OY', and 0Z°
are rotating relative +to the axes 0oX, 0Y, and O0Z,
respectively. Let (i,j,k) and (i ,J .k') be their

respective unit vectors along the principal axes.

Fig. 5.18B The rotating coordinate system
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A vector r can be expressed as
r = xi+ yj + zk s mem——— (5.1. 1)
r = x1i +y 3jJ + z k S it (5.1.2)
The two time derivatives are :

dr , the time derivative with respect to the

dt fixed reference coordinate system,
and dr , the time derivative with respect +to the
dt’ primed coordinate system which is rotating.

.

Differentiating Eq.(5.1.2) with respect to t and ¢,

respectively, we get

dr dx"i’°  dy'j’  dz'k’
—I=—-I+—I +—l
dt dt dt dt
= x'i +y'§ o+ 2, o (5.1.3)
dr  dx'i’ dy'§" dz'k’ x'di’ y'dj’ z'dk’ —-——- (5.1.4)
— = — 4+ —= o+ ~ + —+ == 4 —
dt  dt dt dt dt dt dt

From Eqgs.(5.1.3) and (5.1.4), we get

dr dr  x'di’ y'dj’ z'dk’ 00 - (5.1.5)

= — + — — + - .

dt dt’ dt dt dt

In order to find a relationship between Lhe primed and
unpr imed derivatives, let us suppose that the primed
coordinate system is rotating about some axis 0Q passing
through the origin O, with angular velocity w (see
Fig.5.1C), then the angular velocity o 1is defined as a
vector of magnitude o directed along the axis 0Q in

the direction of a right-handed rotation with t he

primed coordinate system.
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Fig. 5.1C Time derivative of a rotating coordinate

system.

Consider a vector s(t) of constant magnitude rotating

about 0Q as in Fig.5.1C. In an infinitesimal time

interval bt the wvector s will have changed by

5s = Isisineleltdt  ——ee- (5.1.6)

in the direction perpendicular to both s and e. That is,

by = (@ x 8)8¢b - e (5.1.7)

Hence ds = lim 3s = @ x S P et (5.1.8)

dt 5t—0 5t



On applyi

ng

then Eq.(5.1.5) becomes

de =

dt

dr

dt’

dre

dt’

Furthermore,

Eq.(5.1.12)

of wvarious
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Eq.(5.1.8) to the unit vector (i',j ,k’),
+ x (exi’) + y (@xj’ ) + z' (@xk’) ————n (5.1.9)
+ @xp « e (5.1.10)
we have
= d |dp + @xdr + doxpr =0 @———-- (5.1.11)
dt |dt’ dt dt

= dzr + oxdr + @x|dr + exr| + dexr
de ? dt’ dt ’ dt

= dzr + 20xdr + ex(e@xr) + dexr .—-———- (5.1.12)
de dt’ dt

is called the Corfiolis theorem. The meanings

terms in the above equation are as follows

dr is the acceleration relative to the
dt.’2 coordinate system,
2exdr is the Coriolis acceleration,
dt’
@wx(@xr) is the centripetal acceleration.
Note that +the term dexr is zero for constant
at
velocity of rotation about a fixed axis.

primed

angular
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5.1.2 Moving coordinate systems
A useful extension of t he above rotating
coordinate systems is to include a translational motion of

the primed coordinate system with respect to the unprimed
coordinate system. From Fig.5.1D, the primed coordinate
system O'X'Y'Z' is rotating and translating with
respect to +the unprimed coordinate system O0XYZ which is an
inertial franme. A particle P with mass M is 1located
by vectors r and r  with respect +to the origins of
the coordinate frames O0OXYZ and OIX’Y'Z', respectively.
The origin 0’ is located by a vector h with respect
to +the origin 0. The relation between the position

’

vectors r and r is given by (see Fig.5.1D)

B Ve rYy + h NeERESHN Lo O M (5.1.13)

If the pr imed coordinate system o'x'y'z’
is moving (rotating and translating) with respect to the

unprimed coordinate system O0XYZ, then

’

V(L) dr dr dh
= —— = —— 4+ — | ]
dt dt dt
v = vy’ + Vv e  mmeee (5.1.14)
where v’ and ') are the velocities of the moving

particle P relative to the coordinate frames O ' X'Y Z~
and OXYZ, respectively, and Vh i1s the wvelocity of the
primed coordinaté system o'x'y'z’ relative ¢to the
unprimed coordinate system OXYZ. On using Eq.(5.1.10),

Eq.(5.1.14) can be expressed as



Vit) = dr + @ x r'+ dh . mm——— (5.1.15)
.’ at.
Xo

Fig. 5.1D Moving coordinate system
Similarly, the acceleration of the particle P with
respect to the unprimed coordinate system is

dv(t) d*r’ d’n
a(t) = — = —_— ’
dt dt®  dt®
or att) = a’ +a_ e (5.1.16)
That is,

d’r 2exdr’  ex(exr’) dexr’ d’h ,----- (5.1.17)
a(t) = — 4 —_ + + — o+

dt”* dt’ dt de?

In the following sections, the above concepts will
be applied to the kinematics of the links (see Fig.5.1A),
and the corresponding developments using dual numbers
will be considered.
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5.1.3 Dual numbers

Dual numbers play an important role in the dynamics
of multi-rigid-body open chain systems. The technique
using dual numbers has been successfully applied to the
study of the dynamics of generalized gyroscopic systems.
Now, we will introduce the dual! number K = A+ EA,
where Az is its primary part, Ao its dual! part, and ¢
is an operator (roughly analogous +to the imaginary i
treated as an operator in a complex number) such that

a E -

8#0 [ € = 1A = € = e = 0 e TTTg (5.1.18)

We can say that the dual symbo! & is a divisor of zero

and is nilpotent. It can also be regarded as a special
parameter & in expressions involving dual numbers. From
Chapter I11, Section 3, the parameter e can be found

from the formula

e = k(i“ + c“) I (5.1.19)
where k is a real finite number, in and ¢ are
hypernumbers, and n # m . For instance, g = k(it+Ez) .
therefore,

a
[ = 1 -1 and £ = 0 .
1 -1
Since the dual parameter 3 can be derived from

Eq.(5.2.19), and depends on the hypernumbers 1 and E

it can also bhe regarded as a hypernumber.
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5.1.4 Unit line vectors and representations of reference
frames
A unit 1line vector (ULV) is a unit vector bound
to a definite line. For example, in Fig.5.1E, a unit

vector mn is restricted to lie on a line N

Fig. 5.1E Specification of a line in a referencu

frame
The ULV can be specified by the dual vector :
;; = n + 3!10 o m—m———— (5.1020)

The primary part mn is a unit vector parallel to line N
the dual part n, = pxmn (p is the position vector
of an arbitrarily chosen point P on line n) prescribes

the position of 1line N relative to origin O. The

dual vector may be written as

n = n + g€ P n s e (5.1.21)
1 % 1 A
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where Eixu is the Levi-Civita symbol, n_ = cos @ are

direction cosines of n, and Pk are the coordinates of
point P on 1line N. Thus ﬁ’ represents the cosine
of the dual angle between n and Si.
5.1.5 Dual-transformation matrix

Consider two arbitrarily chosen right-handed
Cartesian reference frames {‘7}n and {ﬁ}A as shown in
Fig.5.1F. The origins of the two reference frames are,
in general, noncoincident. A transformation of the
components of a given dual vector specified in {V}n to
those in £G}A is completely described by a 3x3 matrix
with dual-number elements, referred to as dual—

transformation matrix. In accordance with Eq.(5.1.21),

we may write the nine dual elements as

b = b + g€ a b - . (5.1.22)

13 13 Jxn « a0

As the Gi are mutually orthogonally intersecting, we

may write the relation

B b = 5 = 1 for i -k , ——=--- (5.1.23)

o for i1 # k .
Eq.(5.1.23) indicates that the dual-transformation matrix
retains its orthogonality properties, and hence, its
inverse is identical to its transposed matrix. Eq.(5.1.22)
consists of six dual scalar equations. The restrictions
imply that among the nine dual elements, only three

are independent. Eq.(5.1.23) confirms that six
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independent real parameters are neccessary and sufficient
to specify the relative position between any two given

reference frames whose origins are not coincident.

|
|
|
i
133

|
|
|
[
|
|
S_ 1 -
<

RN
P’
Fig. 5.1F Two reference frames in space
From Eq.(5.1.23), if a = a_ = a_ = 0, then the dual
part vanishes. This implies that A coincides with B
(see Fig.5.1F). A dual vector is the mixture of two
independent vectors. The 3x3 dual-transformation matrix,

with the direction cosines as its elements, is formed

by nine position numbers, as given in Eq.(5.1.22).,
For <the +two arbitrarily chosen reference frames as
shown in Fig.5.1F, we may express the transformation
for a given dual vector whose components are V’
referred to {v}n and 0‘ referred tLtu £G}. as

0 = b v s L (5.1.24)
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where bi’ are elements of the dual-transformation matrix

as given in Eq.(5.1.22). The inverse transformation is
V = 8 ¢ - (5.1.25)

1 rAL p
5.1.6 Spin axis, tilt axis, and azimuth axis of the

offset unsymmetric gyroscope

An offset unsymmetric gyroscope with oblique
rotor refers to the system which consists of a heavy
rigid asymmetric body with mass center E located
away from the spin axis, as shown in Fig. 5.1H. In
general, none of its principal central axes (et,ez,es) is
parallel +o the spin axis. The rotor is suspended
in inertial space by two gimbals of negligible mass.
Consider Fig.5.1H ; the definition of the independent
variables which are employed in the kinematic
description of the offset unsymmetric gyroscope with

oblique rotor is shown in Table 5.11.

Table 5.11 Reference frames
symbol Definition Attached +to
{e}t principal central frame (PCF) rotor
{c)c rotor geometric frame (RGF) rotor
{b}. inner gimbal frame (IGF) inner gimbal
{a}A outer gimbal frame (0QGF) outer gimbal
{i}o inertial reference frame (IRF) inertial space
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Azimuth aus

inerhiol
reference

Fig. 5.1H An offset unsymmetric gyroscope with

oblique rotor

From Fig.5.1H, we find +that c, coincides with
b3 (axis of pair c), bl coincides with a, (axis of pair B),
and a_ coincides with is (axis of pair A). The three

axes of cylindric pairs C, B, and A are referred Lo,

respectively, as the spin axis, tilt axfis, and azimuth

axis. The azimuth axis is fixed in inertial sbace
but the other two, in the most general case, change
direction as well as locat ion during motion. The spin,
tilt and azimuth axes are pertinent to visualization

of the kinematic relation among various members of the
offset unsymmetric gyroscoape with oblique rotor in

inertial space,



183

5.1.7 Dual Eulerian angles
The six independent rotation and sliding variables
¢, ©, ¥, z, x, and s (see Fig.5.1G) may be interpreted

as a set of dual Eulerian angles as follows :

$=¢+3z ’
8 = e + ex s NS e N, - (5.1.26)
$ = ¢ + es .-

Using Eq.(5.1.22), we may express the three screw

displacements as

F Cé S o©
L1, = -S¢ Cp O .
o o 1
L J
(1 o 0
o1 = 0 Ce Sé e (5.1.27)

- -
Cy S o
L¥1, = -S¥ C§ o0 ,
0 0 1
where C@ and S8 are cosine @ and sine @ . The

resultant transformation matrix of [c}c with respect to

{a}A may be expressed as the product of the three

screw matrices
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tf1 = [$]=E§]lt$]9 ,
r ”~ ”~ ~ ~ ~~ ~ o~ ~ A ~ ~ ”~ 7
C¥CH-S¥CBSH C¥Se+Sycacs S¥Se
i.e., tby = -S¥CP-Cc3Cosh -S¥Sp+CPCHCH C¢Se .
S6s} -SeC% co

The three dual Eulerian angles 3 (dual azimuth angle),
6 (dual nutat ion angle), and $ (dual rotor angle)
completely specify the position of RGF in I[RF (see

Table 5.1H).

§5.1.8 Dual velocity compoﬁents referred to the rotor
geometric frame (RGF)
In the general configuration of the system, as
shown in Fig.5.1H, the dual Eulerian angles are time-
dependent. The time derivatives of these angles are

= 5 + gz = the dual velocity of +the outer gimbal

©)e

about ia axis : referred to as the dual precessfon

rate (5 is the precession rate and z is the

sliding velocity along the azimuth axis).

@)
i

6 + gx = the dual angle between the fixed axis i3
and the spin axis C_s having a positive sense with
respect to b‘ ! referred to as the dual nutation
rate (@ is the nutation rate and x is the sliding

velocity alonyg +the tilt axis).



185

i = ; + gs = the dual angle between the line of nodes
b and the body axis C having a poaositive sense
with respect to c, ¢ referred to as the dual! spfn
velocity (i is the spin velocity and s is the

sliding velocity along the spin axis).

Now, the components of the dual velocity of the rotor
referred to the rotor rigid frame (RGF), {c}c sy are
denoted by

P = o + ev . N A ___ (5.1.29)

The relationship between the two moving reference frames
{a}A and {c}c can be gpecified through the wuse of screw

ocperators asg

a = b‘ = c1C+ - czS+ s = (5.1.30)

a = i = ¢ Ce + b Se I e (5.1.31)
3 ] 2

b2 = hax h‘ = ¢ x(c'C+ - c=S#) .

Substituting b2 into Eq.(5.1.31), we get

a, = i, = ¢ S6S¥ + c_S8C¥ + ¢ Cd , ---u- (5.1.32)
3 3 1 a 3
C C [ o4
1 2 3
a, = a_x a = S§S$ 83C$ Ce ,
Cyéy -S¢ 0

a = ci(CeS+)

cz(—c§c$) + ¢ (-58S

Therefore ,

~ A

a, = c C6Sy + c_CeC¥ - c_S@ P (5.1.33)
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The dual velocity of the asymmetric top may be specified as

<
]
o )e
by
+
D
o
+
%>
0

On using the condition of

sin(at+egp) = sin(ax)cos(ep) + cos(a)s
= sin(a) + epcos(a) ’
cos(ateg) = cos(a) - epsin(a) ’
where sin(ep) = ¢ep and coslep) = 1 , in

the primary parts of Eq.(5.1.34) apre giv

@, = $SeSy + &Cy R
Un = &SGC+ = és"' ’
w = $C9 + ¢ o

The dual parts of Eq.(5.1.35), i.e., the 1

components, are

V., = 2SeS¢ + x$CeS¢ + s¢SeCy + xCy - oS¢
V. = zSeC¢ + x$CoCy¢ - s$SeSy ~ xSy - s6Cy
v, = zCo - x$Se + s .

5.1.9 General equations of motion

Let us, again, consider Fig.5.1H in

and C are cylindrical pairs. The rotor

in(ep)

Eq.(5.1.34),

en by

————— (5.1.35)

inear velocity

’ (5.1.36)

which A, B,

has mass M
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and principal moment s of inertia Ii, In, and In,

correspond, respectively, to the principal central axes

e, e, and e_. Referred to {c}c, the coordinates of the

mass center E are P’, Pz, and Ps 3 the orientation of

{e}z is prescribed by the nine direction cosines bij.

Hence, elements EiJ of the 3x3 dual-transformation matrix
may be computed by using Eq.(5.1,.,22), Both £e]= and
{c}c are attached to the rotor; therefore, 813 are time

independent. Let

0. =a +ev 0 _____ (5.1.37)

be the dual velocity of the rotor referred to PCF {e}z.

Obtaining Egs.(5.1.22) and (5.1.29) in Eq.(5.1.24), we get

0 = B ¥ =<(b + se Pb J(w + &v) |,
Fd »

1 i » 1, ArpXA X 19

Q +e¢U = b o + e(b V + € Pb @) .
1 1 . Fd 1. V4 » «

Therefore ,

Q = b W s - (5.1038)

1 10 p

U b (V + € w P ) . e (5.1.39)
» » » x 8

1 1 e

The dual momentum referred to the mass center is

H = MV + eH . (5.1.40)

1 1 1
where the dual part, H‘ = Iimi, is the angular momentum
referred to the mass center. The dual vector equation

of motion may be written as
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a - ﬁ’+ € w f1 s aeeea (5.1.41)

1xe o 0

o
Il

or G,+ cN1 .« e (5.1.42)
The right hand side of £Eq.(5.1.41) represents the rate
of change of dual momentum with respect +to the inertial
space. To obtain the equations of motion for the
offset unsymmetric gyroscope, we substitute Eqs.(5.1.35)
and (5.1.36) into Eq.(5.1.42), Comparing the resultant

equation with Eq.(5.1.42), we get

G, = MU + el do + € l « o) + M6 @V
1 k] 1 1 1 [ ] o< n 1a8 < 8
dt
= MWV + ¢ w V) + e(l do + € I o o .
1 1x8 < » 1 1 1 [ ] < »
dt
Therefore,
G = MV + € 0 V) .
1 4 19 a »
N = I dw + € I 0o w .
1 1 1 1xp ]
dt
Expanding the above two equations, we then have the

following six components

G, = MIZSeS¢ + XC¢ + H(xCoSy + sSeCY¥) - s6S¢ + ¢
(-xC¢ 4 sSeCeSy) + 25$8CeCy¢ - 2565y + 2x$CoSy
+ 2s5¢SeCy1] y T T LLE (5.1.43)

G, = M[ZSeC¥ - XSy + $(xCeCy¢ - sSeS¢) - seCy + -

(xS¢ + sSeCeC#) - 2s5$4CeSy - 256Cy + 2x$CoCy

259SesSy) e (5.1.44)
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G, = M[ZCe + 5 - x$Se - s$°S’e - 2xpsel
————— (5.1.45)
N, = 1.d ($SeSy + éCy)
dt
I - 1 )0(4Ce + §)(4SeCy - 8S$21 ,
————— (5.1.46)
N, = 1_d (§SeCy + 6S¢)
dt
+ (1 - 1 )0($Ce + ¥)($SeSy - 86C¥) 1 ,
————— (5.1.47)
N, = Isi_($Ce + ¥
dt

+ (I, - 1 DL($SeSy + 6Cy) ($SeCy - 4S¥y>1 .
————— (5.1.48)
The above two sets {G’,GZ,GB} and {N‘,NZ.NS} are one set of
forces and one set of moments exerted on the mass center
C, respectively. The forces and moments exerted on the
mass center are the resultant of the external dual

force acting at various points of the system.

5.1.10 The equations of motion of the offset symmetric
gyroscope
Most gyroscopic systems 1involve axial symmetric
bodies. The offset symmetric gyroscope has a general
representation as given in Eqgs.(5.1.43) through (5.1.48).
Let wus take the offset symmetric gyroscopic system
with c, as the axis of symmetry. The c, and c_, may

then be chosen arbitrarily in the plane passing through

mass center C and normal to c,. Thus, for convenience,
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we choose a frame {c}c attached to the inner gimbal
such that c, is always parallel to bi; them ¢+ = 0.
Substituting ¢ =0 into Egs.(5.1.31), (5.1.34) and
(5.1.33), and using the properties
C¥ = Cy¢Ces - S¢Ses = 1 ,
S¥ = SyCes + SesC¢ = gs ,
where Ces = 1 and Ses = g5 we get the following
transformation equations
a = ¢ - esc s  mm—— (5.1.49)
1 [} a
a_ = c tsCé + ¢c.Cs - c_So s  mm—e- (5.1.50)
2 1 2 -]
a_ = c tsS8 + c S8 + c Co N - (5.1.51)
-] 1 2 ]
Substituting I2 = I‘ N ¥y = 0 in Eqs.(5.1.43) through
(5.1,48), we obtain +the equations of motion for the
offset symmetric gyroscope :
G, = MIx + s§S6 - xb + 2586Ce + 25563 ,
————— (5.1.52)
G, = MI[2Se + x§Co - s& + s SeCe - 256 + 2x$Ce1
————— (5.1.53
13 [ (1] * A a3 LI L3
G’ = M[zCo - x¢Se + s - s¢p S o - 2x$Se - so ’
————— (5.1.54)
N = 1,(8 - $°SeCe) + I_$4Se(hCo + §),----- (5.1.55)
N, = 1 ($Se + 2péCe) - [_6(4Co + §), -—---- (5.1.56)
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N = 1.d ($Co + ) , -+ -~ (5.1.57)

dt

where @ and s are, respectively, the angular and sliding

velocities of the symmetric top about and along the
spin axis c, attached to the moving inner gimbal. The
above six equations represent a six degree-of-freedom

system which is useful in the analysis of a variety
of dynamical systems. Necw, we will consider the
following example which is +the special case of the
offset symmetric gyroscope.
Example Damped Spring-Mass System on a Periodically
Moving Base
Fig.5.1J is a schematic diagram of damped

spring-mass system mounted on a periodically mouving base.

The constraint conditions are e = x = 6 = $ = 0
and z = dsinwt ; that is, A and B are coincident, and
spring and dashpot are inserted between B and C. The
reference frames are {a}A (p = 0O R z = dsinowt), {b}’
(6 =0 , x=0), fel_ (y =0 , s(t)). We may write

the force exerted on the masso center as

G = —k(s—so) ~ Mg - cs . --=-- (5.,1.,852
where k and s, are, respectively, the modulus and the
free length of t he spring, and c is the damping

coefficient. From Eq.(5.1.54) ,

G = M(-du’sinet + 5) . - (5.1.59)
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s second law, 3F = Ma ; and we can equate

sides of Egs.(5.1.58) uand (5.1.59) Lty Jive
cs = (ks_- Mg) + Mdo sinwt .----- (5.1.60)

equations lead to G‘= G=N=N=N = 0,

A
Tz=d sin wt

A damped spring-mass system on a

periodically moving base
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Section 5.2 Application to Robotics : Robot Arm Kinematics

"A robot is a reprogrammable multi-functional
manipulator designed to move materials, parts, tools, or
specialized devices, through variable programmed motions
for the performance of a variety of tasks." With
this definition, as given by the Robot Institute of
America, a robot must be controlled by computational
programmes. Modern robotic systems consist of at
least three major parts

1. The manipulator, which is the mechanical

moving structure,

2. The drives to actuate the joints of the

manipulator,

3. The computer as a controller and storer

of task programmes.

We will briefly survey the first part concerning the
motion of a robot and the planning of manipulator
trajectories. In general, the structure of a robot

manipulator is composed of a main frame and a wrist

with a tool at its end. The tool can be & welding
head, a spray gun, a machining tool, or a gripper
containing open-shut jaws, depending upon the specific
application of the robot. The main frame is frequently

referred to as the arm which consists of a sequence
of mechanical links connected by joints. Now we will
study the robot arm kinematics. (€21,073,0221,0281,[321,

£461,(681,0691,0731,074))
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5.2.1 Rotetion matrices

Robot aerm kinematics deals with the analytical
study of the geometry of motion of a robot arm with
respect to a fixed reference coordinate system as a
function of time. The links of a robot arm may
rotate and (or) translate with respect to a reference

coordinate frame} the total spatial displacement of the

end effector is due to the angular rotations and
linesr translations of the links. In 1955, Denavit
and Hartenberyg proposed a systematic and generalized

approach of wutilizing matrix slgebra to describe and
represent the spatial geometry of the links of =& robot
arm with respect to a fixed reference frame. We
will now consider the rotational matrices, referring to
Section 6 in Chapter I1. The rotation matrix in terms

of the Euler angles is

R(én) = exp(l¢Z) s mem—— (5.2.1)
2
O -n n
= 4
where zZz = n_ 0] -n_ ’
-n n 0
- i > 4
F 0 0 o© 0O 0 1 0 -1 0
or Z = n_ 0O 0 -1 + n_ 0O 0 o + n_ 1 0 0O .
0O 1 0O -1 0 O J 0O 0 0O
The above matrices can be expressed in terms of a

matrix I, with components 1 , 1, l!. namely

> L 4
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( 0O 0 o [ 0O 0 1 0O -1 O
lu = 0O 0 -1 N ly = 0 0 0 ’ 1 0 0 |.
o 1 0 -1 0 O 0 0 o |
Then Z is n-l‘ . and Eq.(5.2.1) takes the form
R(¢én) = exp(%¢n°l”) ’ where uy = xX,yyz2 ,~--—- (5.2.2)
or
[ 1 0 (0]
R(gx) = 0O cos(la) -sin(%a)
0 sin(la) cos(la)
| 2 2
[ cos(1ip) 0 sin(1ip)
2 2
R(Fy) = 0 1 o |  gm———- (5.203)
-sin(l1p) 0 cos(1p)
i 2 N |
cos(1%) -sin(1¥) 0
2 2
R(§z) = sin(1y¥) cos(1%¥) 0
2 2
0 0 1
The depiction of the rotary joints a robot in
terms of the matrix representation helps ease the
computation of the final resultant motion.
$.2.2 Direct kinematics
Kinematics is important in trajectory planning
that is related to the velocities eaend accelerstions of
the hands end joints. In planning movement of a

manipulator,

the Cartesian

space

of the

manipulator is
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determined. In order to place the end of the
manipulator at a given position in Cartesian space, we
must solve for the corresponding Jjoint angles, and thus
obtain the final resultant wmotion. In the case of s
two-1link planar manipulator with rotary Jjoints, both
rotary Jjoints (see Fig.5.2A) have the z axis as the
axis of rotation, with e, and e"as the Jjoint angles
corresponding, respectively, to the first and the second
joints. The lengths and masses for 1links 1 and 2 are

1‘. m_ and lz, m_, respectively.

Fig. 5.2A A two-link planar manipulator with

rotary Jjoints
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The Jjoint positions are denoted by &, and e, . The

l1inks have lengths l; and 12. and both are assumed +to

be right circular cylinders of radius R.

Define Pi' as the vector from the proximal to

the distal Joint of link i, where

p "= 1 | cos(e ) ¢ My, 0 .. (5.2.4)
1 1 1
sin(e )
1
p.* = [ cos(e + & ) . N7\ M. (5.2.5)
2 a 1 2
sin(e + e )
1 a

Define Pt as the vector from the base to the
distal jJoint of 1link i, which for the first 1link is
P="P " and for the second link is P.=P_ "+ p.". The

position of the end of the manipulator is given by

P2=(x.y). Substituting Eq.(5.2.4) in Eq.(5.2.5), we get

X l cose + 1 cos(e + & ) « —m——- (56.2.6)
1 1 a a

y l‘sine‘+ lasln(0‘+ 02)

Differentiating Eq.(5.2.4) to find relation between Jjoint

velocities and the Cartesian velocities of the manipulator

tip, we have

e

—l‘sine‘— lzsin(e‘+ez) _lein(°g+ez) 0‘ s
licose‘+ l’cos(e‘+ez) lacos(0‘+e:) ez

----- (50207)

e
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where the 2x2 matrix is called the Jacobsan J . By

representing the vector of joint angles as @ =(9‘.92).

Jo. The acceleration

this relation may be written as Pz

equations are most conveniently expressed in terms of

the time derivatives of © and 6 + &

X —lisine‘ -lzsin(e‘+ 0:) 9‘
y l‘cose‘ lzcos(e‘+ e:) ei+ez
1 coseé 1l cos(e + & ) 6 Yy o m == (5.2.8)
1 1 a 1 a 1
° . a
l‘sine‘ lzsin(e‘+ ez) (e‘+ez) J

5.2.3 Direct kinematics with rotation matrices
Regarding trajectory planning, the rotational
matrices between adjscent coordinate systems in the
Joint space transformed from the Cartesian space. We
thus would now 1ike to derive the equations of motion

for the +two-link robot arm (see Fig. 5.2B) .

Fig. 5.2B The relation of points expressed in the
link 2 coordinate system +to the link 1

coordinate system



Projecting the axes X2 Y, onto

systems, we have the following equations

X (x1+ 1‘)cose‘ - ylsine‘

y (xt+ l‘)SIne1 + y‘cose‘

or, when written in matrix form,

the

X = R(e )( x + 1
1 1 8
y y‘+ (0]
= R(e )| x + R(e6 ) 1 ’
1 4 1 1
v, 0
where
R(e ) = cose -sine .
1 1 §
sine cCosé
1 1
Projecting the axes X+ ¥V, onto the

the same manner, we obtain

X = (x_+ 1 )cos® - y sine
1 2 a 2 2 a2
v, = (xz+ lz)sine2 + y, cose,_
or X = R(e ) x + 1
3 a 2 a
yl y2

Substituting Eq.(5.2.10) into Eq.(5.2.9),

X = R(e JR(e ) x + 1 + R(e )
1 a a 2 1

y Yy

2

1
1

xXoy

we get
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coordinate

(5.2.9)

X O system in
1 lyl y

(6.2,10)

(5.2.11)
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The end of the wmanipulator in link 2 coordinates (xz.yz)
is (0,0). the position of the end in base coordinates,
when substituted 1into Eq.(5.2.10), can be seen to yield
Eq.(5.2.4) and BEq.(5.2.5), as 1is to be expected.

For more general manipulators, the 1ink

transformation matrices are more complex.

5.2.4 Planning straight-line trajectories using quaternions

It will be advantageous to transform the matrix
representation of a rotation motion to the quaternion one.
For a standard programme and operation of the robot
manipulator, this will effectively reduce calculation time.
Now, we will introduce the quaternions. A quaternion
is a quadruple of ordered real numbers, s , a , b , c,
associated, respectively, with four units : the real
number +1 and three complex units i , §J , k, having

cyclic permutations,

it =N ST ek =,
ixJ = k 0 Jxk = i s kxi = J ’
\jxi = -k ’ klj = -1 ’ ixk = _J .

A quaternion @ can be written as a four-component vector:

Q = s +ai + bj + ck = [s+V] = (s,a,b,c) = (s5,V) .

The multiplication of two quaternions can be written as

@ xQ (s‘+ a‘i + b‘j + c'k)x(sz+ azi + sz + czk)

(s 8 -V eV + 3V + 3V + V xV) .
3 a 3 2 a 1 1 2 1 2

In the case of vectors Vi, V2 and scalar S,s S, we

can use the properties of quaternions
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[ Vector multiplication

V’x V2 = (O,V’)x(O,VZ) (—v’-v:.v‘.vz> '

11 Scalar multiplication

& ,x 5 = (5‘,0)x(52,0) = (s‘s:,O) ’
111 Vector-scalar multiplication
sxV = (S,O)X(O,V) = (O,SV) .

Rotation matrices are highly redundant, since they have
nine entries, whereas an orthogonal set of three unit
vectors can be completely specified by three numbers,

an example of which is the +three Euler angles that

represent the rotation matrix. From Section 6, Chapter 11,
R(¢ém) = exp(%n~l“) ’ where u = X,¥,2Z.
The expression for the rotation, can be expanded
accordingly in a power series. We then have
R(dn) = cos(%¢l)+ sin(%¢l”) . where u = x,y,z.

From the above equation, we get the rotation in the

quaternion form, that |is,

R(¢n) = s + V ,

where 5 = cos(%¢) and VvV = sin(%Ol”). M = X,¥,Z2 and
r r 1
0O O O 0O 0 1 0 -1 0
l" = 0O 0 -1 , ly = 0O 0 o , lz = 1 0 o0 |.
O 1t o -1 0 O 0 0 O
L 4 L ,




202

The rotation, written in the quaternion form, is denoted
by t he bracketed pair [s,V]. Similarly, we  have

lcos(1),sin(1¢] ).
2 2 “

Example H A rotation of 90° about k followed by a

rotation of 90° about j is represented by the quaternion

product
(cos45°+ jsind5°)(cosa5°+ ksin45°) = 1 + 1i + 1§ + 1k
2 2 2 2
= 1+ Citj+ (13
2 —_— 2

/3

= c0s60 + sin60°(i+j+k),

Ja

Rot(n, e) = Rot| i+j+k , 120° .

[z

From the above, if rotations R’ and Rz are represented
by gquaternions Qt and Qz, pespectively. then the rotation
Rlsz will .be represented by the quaternion Q,'Qz .
It is clear, in this case, that the quaternion gives
4 much simpler representation. Thus one can change
the representation for a rotation from the matrix form
to the quaternion forn, and vice versa. Quaternions

offer another convenient representation for rotations

and have been applied extensively to the analysis of

kinematic linkages. For our purposes, the quaternion
representation is more efficient than the matrix
representation. Storage requirements are reduced, and

calculations involving rotations can be done with fewer
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primitive operations (additions and multiplications) than

are required 1{if matrices are used (see Table §.2C).

Table 5.2C Computational prequirements of common

rotational operations

Operation|Quaternion representation|Matrix representation

R‘xR2 9 additions 15 additions
16 multiplications 24 multiplications
ReV 12 additions 6 additions
22 multiplications 9 multiplications
4 multiplications 8 additions
R—>(n,e) 1 arctangent 10 multiplications
1 square root 1 arctangent

2 square roots

4 mnmultiplications 10 additions
(n,0)—>R 1 sine-cosine pair 15 multiplications

1 sine-cosine pair

Convert 19 additions 7 additions
to 8 multiplications 5 multiplications
other 3 sine-cosine pairs

representations 1 arctangent
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Section 5.3 Application to Optics

In the case of natura! or so-called unpolarized
light, the instantaneous polarization fluctuates rapidly
in a8 random manner. An ideal linear polarizing device,
the behaviour of which can be conveniently approximated
by & sheet of polaroid, allows only the component of
the electric field in a given direction to be transmitted.

In fact, we find that the transmitted light consists

of constant polarization which fluctuates in a given
direction. We now propose a mathematical description
of the nonideal ("real") filter, as follows.

Consider the special case of a vector matrix

with a,b € R and X,Y € W, where W is a three dimensional

vector space., From the split octonions, the bases are
- .( -
U°= 10 [ UO - 00 [
O 0 0 1
U = 0 e . v'® = 0 o .
1 1
. 0O o 4 --e‘ (4]
If we let
W= 1 0 . w" = 0 o ,
o o
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where 1 is the imaginary unit, then A =W+ W "+ w+w".
Thus the basis W a 1is linear combination of the vector
matrices A.
Table 5.3A Multiplication tsable of
W w " W N
[s) o 1
w w 0 1 1 4 1 -1
o o 2 2
0 O 0
L J
-
w " 0 w_ " i[o o 1 0
o o i 2
-1 1 1
_ J . J
w 1 1 0 11 O w
1 2 2 1
-i 0 0
r b
w " 1l 1 o ﬂ 0 -1 0 :
' 2 2
i 0 0
] i
In Chapter Il, Section 5, we know that
Wo is the +transformation matrix of a linear polarizer
with the transmisajon axls horizontal,
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W° is the transformation matrix of & linear polarizer
polarizer with the +transmission axis vertical, -

Wi is the traeansformation matrix of a right circular
polarizer, and

w * is the +transformation matrix of a left circular

polarizer.

If we substitute e, (j = 1,2,8) for i 8o e, is
the bassis of the three dimensional vector” space, then
the linear combination of the bases W becomes vector

matrices. We can find the product of vector matrices

by wusing Zorn's product, that is :

a X c U ac—-(XeV) aU+dX+(YxV)
Y b V d | | cY+bV+(XxU) bd-(Y+U) R (5.3.1)
where * and x are the usual dot and vector products

of the three-dimensional vector space, respectively, and

by wusing Myung's . product, that 1is 1
A% B = %CA,BJ + TC(A)B + T(B)A ’

where T(A) =0 , TC(A) =ab , and TC(A) = IXIIY! . If
we set the magnitude of X, Y, U, and V approaching 1,
and set X , X , X for having values Jjust slightly

) a a

different from one another, then the products of
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z = 1 0 , z " = 0 0 ,
o — o —_—
0 0 ¥ 0 1
- ] - |
[ =
z, = 1] 1 x . z, = % 1 -X ,
2
Y 1 Y 1
J 4
where 0 is zero vector, have the same results as in
table 5.2A, that is :
Table 5.3B Multiplication table of
] &
ZD ZO Zi Zi
z Z 0o l{ 1 X l[ 1 -X
° ° 2 2
0 O 0 O
[ = 7 = 7
[
z " 0 z " %(o 0 1l 0 o
hed 5 hd
-Y 1 Y 1 J
L ] L
[ [
4 11 1 o0 1] 0 X YA 0
' 2 - 2 t
-Y O o 1
J S
z " i[1 o 1| o -x 0 z "
! 2 Ny 2 <
Y O o 1
J S
We now derive the product Z « Z 3
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111 X}« 1] 1t X = (1/4) 1+(XeY) X+X+(YxY)
2 2
-Y 1 -Y 1 “Y-Y+(XxX) 1+(YX)
= (1/4) 1+(X Y +X_ Y +X Y ) 2X o  mmm—- (5.3.2)
1 1 2 2 a8 3
-2Y 14(X Y +X Y +X Y
1 1 2 a 3 a

Let Xl » 1Yl » 1 and X v X ww X o Y Y ¥ Y ’ then
3 a - Y a -]

SX‘ N 1 e W gL R (503.3)

From Eq.(5.3.1) , we get

7 2 . U= 1 D X
1 1 2 2 1
-Y 101+3X
i 2 '
~ % 1 x 9 f‘rom Eq.(5.3|3) .
-Y 1
We can thus find
z . Z.. = % 1 X | « 1] 1 -x
2
-Y 1 Y 1
= (1/74)] 1-(XeY)  —X+X~(YxY)
~Y+Y-(XxX) 1-(YeX)
M (1/4) 1—3x‘2 0 » o ,
0 1—3x‘z
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Similarly,

In substituting X for i, which has magnitude

apprcaching 1| , we suggest that +the polarization of the
plane harmonic electromagnetic wave has small random
fluctuations. The orientation of the electric field
is not constant, but slightly varying. The detailed

results are shown in Appendix B.



CHAPTER VI

DISCUSSION AND CONCLUSION

In the preceding chapters, we have examined some
of the concepts and applications of vector matrices,
hypercomplex numbers, and dual numbers. At this stage,
a critical assessment of these, and a few of the ways
in which +the subject is likely to develop in the near
future, will be considered. The general usefulness and
effectiveness of vector matrices, hypercomplex numbers,
dual numbers, and other hypernumbers, in solving
mathemat ical problems in physics and engineering, will

also be further discussed.

Section 6.1 Discussion

The first chapter of this thesis introduced
general knowledge concerning the concept of nunber,
from mnatural numbers to hypernumbers. In addition, the
p-adic, nonstandard, and surreal (Conway) numbers were
presented. All of +this is certainly a significant and
well-established part of pure methematicsi but much of it
is still beyond the range of knowledge and interest of
most applied mathematicians, physical scientists, and
engineers. The great extension of ocur ideas of generalfzed
numbers, with their algebraic, topological, geometric and

analytic structures, awaits future applications.
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Chapter 11 emphasized the algebraic structures of
physics. The great importance and the wide-ranging roles
of the matrix groups, such as GL(n,X), SL(n,K), and U(ny,
in various branches of physics, have already been well
recognized. The connection of the hypercomplex numbers
with the matrix groups, however, is not yet so familiar to
most physicists. Lie algebras and Lie groups were first
described in Section 2.2 . Section 2.4 considered some of
their properties in detail, focussing on the roles of
Poisson algebras and Heisenberg groups in classical and
guantum mechanics. The wider use of hypercomplex numbers,
and other ¢generalized and extended number systems, in
physics, has required some specialized knowledge of
nonassociative algebraic structures +that include Jordan,
alternative, and nilpotent algebras, in addition to that
of the Lie algebras, with which physicists have now become
quite familiar. These were considered in Section 2.3 .

In the case of the calculus of polarization, the

Stokes parameters clearly provide a simple and elegant

formulation of the algebraic and analytic description
of polarized electromagnetic radiation in classical
electrodynamics, Moreover, the Stokes parameters, and the
related Jones and Mueller matrices, are known +to be

directly related to the elements of the density matrix
in quantum mechanics. The algebraic structures of the
calculus polarization, and of the Jones and Mueller calculus
were discussed In Section 2.5 . Also in Chapter [1, the
principles and the procedures of transforming spinors

and twistors were presented by using stereographic
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projection and the Riemann sphere. Both the algebraic and
the ¢geometrical aspects of the holomorphic transformations
of spinors and twistors were emphasized. The present use
of these concepts and results in quantum and relativistic
physics was briefly indicated in Section 2.6 . In this
connection, the ¢&€reat importance of the special wunitary
groups can be easily recognized.

The core of Chapter Il was concerned with the
generalized vector matrices, bimatrices, and octonions.
Some general features of the octonions and Zorn'’s vector
matrices were first described. The study was then
focussed on the power-associative products on the ordinary
and the split octonions that can give rise +to the
properties of flexibility, antiflexibility, third and fourth
power-associativity. Further considerations of the vector
matrices led naturally to the concepts of graded Lie-
admissibility and the bimatrices that are the combined
parts of hypernumbers. The recent successful introduction
of ¢graded Lie algebras, and of Lie superalgebras and
supergroups into particle and nuclear physics is a clear
indication of the need to widen the basis of algebraic and
geometric thinking in theoretical and mathematical physics
so as  to include generalized vector matrices, bimatrices,
octonions, etc., within its domain.

In Chapter 1V, the representation of generalized
vector matrices was i{llustrated in an "B-dimensional"
system, by showing the combination of two ordinary three-
dimensional vectors and two scalars. It is expected

that this simplified representation should 1lead to a
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readier understanding and +to the development of some
intuition for the 8-dimensional problems of interest in
mathematical and theoretical physics.

Chapter V considered three applications of
generalized vector matrices, hypernumbers, and dual
numbers in physical and engineering problems. The dual
numbers have been used in the theory of the offset
unsymmetrical gyroscope in sorting out. Lhe ¢general
equations of molion. In particular, the roles of +the
dual-transformation matrix and of the dual-Euler angles and
equations should be noted. The analysis of an offset
unsymmetric gyroscope with oblique rotor has demonstrated
the useful application of 3x3 matrices with dual-number
elements for +the description of the kinematic relations
within a system involving a number of reference frames with
no common origin. Results obtained +thus far have led
us +to believe +that the 3x3 dual-transformation matrices,
in view of their orthogonality properties and ease of
adaptation to tensor notation, will offer a meaningful
alternative in the analytical +treatment of the mechanics
of a system of rigid bodies in spatial motion. It
should be noted that +the dual-vector calculus applied
here for the acceleration analysis of +the RCCC mechanism,
a spatial four-link mechanism with one revolute pair
and three cylindrical pairs, may be applied to similar
analysis of other types of spatial mechanisms. It 1is
t hus hoped that dual-vector <calculus may soon find

wider applications in the kinematic analysis of mechanisms.
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In robotics, the development of the trajectory
planning is very useful in increasing the efficiency of
the manipulator path control algorithms. The method
of quaternions, which offers an alternative representation
of rotations, has led to simple formulae for the
rotations of vectors, and to the composition of rotationus.
It is well recognized that the method of rotation matrices,
which is al present widely used in robotics, is rather
expensive computationally, and is vulnerable to unexpected
difficulties where degeneracies or Jjoint limits are
encountered. In many situations, however, the number of
the arithmetical operations required for the kinematic
solution of a robot manipulator can be significantly
decreased by using the quaternion method. Certainly, the
use of quaternions, dual numbers, and other hypercomplex
numbers, in robotics, deserves further attention from
applied mathematicians and engineers,

As regards some mathematical problems in optics
considered in Chapter V, the assumption that the Jones
and the Mueller matrices may conveniently be replaced
by generalized vector matrices in the description of
polarizalion of electromagnetic waves, should find wider
applications. Jones vectors are added vectorially in

calculating the result of two or more waves of given

polarizations. But the Jones matrix is the transformation
matrix of the 1linear optical element. Ify, in allowing
for some possible nonlinearity, we change the off-

diagonal elements of the generalized vector matrices to

unit three-dimensional vectors with arbitrary orientations,
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we still find that the Zorn product of two vector matrices
gives quite a satisfactory description of the physical
situations according to our assumption. Also, it should
be noted +that the original Jones calculus is of use
only for computing results with light that is initially
polarized in some way, but the vector matrices can describe
the mixture of polarized light and a little of unpolarized
light present as "fluctuations",. It is thus quite likely
that generalized vector matrices may soon find further

applications in optics.
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of polarization in optics. However, we have not considered
the application of many other important types of number.
Yet it sh;uld be noted that p-adic numbers and p-adic
analysis are now rapidly entering mathematical physics,
and have already provided many Interesting alternative
“models", specifically for the situations where the
Archimedean order of +the physical world 1is in doubt.
Nonstandard analysis based on hyperreal numbers, and the

use of surreal (Conway) numbers, for example, in the theory

of physical measurements, are also leading us towards
8 new conception of "continuity" in physics.
A proper understanding of the hypernumbers

beyond the hypercomplex quaternions needs a considerable
knowledge of algebra. In this thesis, however, we have
presented only the rudiments and the essentials. Also,
it must be realized that algebraic conceptualization is
only one of the principal modes of mathematical thinking.
We have not adequately dealt with the Seometrical,
topological and axiomatic aspects of hypernumbers.,
Nevertheless, 8 simple pilctographical computer method has
been introduced to aid the "visualization" of the
generalized vector matrices.

In the case of the conplex numberé, it was mainly
due to their geometrical interpretation by Carl Friedrich
Gauss (1777-1855) +that the aura of mysticism was much
removed from the "imaginary" numbers. He expressed the
attitude of his contemporariés to these numbers as follows i
" e but these imaginary numbers, as opposed to reagl

quantities —- formerly, and even now occasionally, though
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improperly called impossible — have been merely tolerated
rather than given full citizenship and appear therefore
more like a game played with symbols devoid of content
in itself, +to which one refrains absolutely from ascribing
any visualizable substratum. In saying this one has no
wish +to belittle the rich tribute which this play with
symbols has contributed to the treasury of relations
between real numbers." (quoted by R. Remmert in (223, p.61)
Gauss emphasized t he important role of a4 suitable
geometrical representation in making the abstract
conception of number more familiar +to us. Reminising,
after 1831, he said : "...so long as imaginary quantities
were still based on a fiction, they were not, so to say,
fully accepted in mathematics but were regarded rather as
something to be tolerated; they remained far from being
given the same status as real quantities. There is no
longer any Jjustification for such discrimination now that
the metaphysics of imaginary numbers has been put in a
true 1light and that it has been shown that they have just
8s good a real objective meaning as the negative numbers."
(quoted by R. Remmert in [22]1, p.62)

Once the "imaginary" and compl{ex numbers had been
formally accepted in mathematics, it took a few centuries
to find such a geometrical interpretation that would make
them suitable for wide applications in physics. It took
nearly a century longer before they entered electrical
engineering, the technological consequence of which has
since made many important contributions to our present

civilization. But, in mathematics, once the mystery had



219

been largely remaoved from the “imaginary", the way was
open for Hamilton, Graves, Cayley, Clifford, and others, to
discover, or, rather, to "invent" the Aypercompl(ex numbers,
and to even go beyond them to the more general Aypernumbers.
Much is still to be done to properly "geometrize" them,

and to make them more familiar to applied scientists and

engineers., Perhaps, like vectors, tensors, matrices, and
groups, it will +then be not too 1long before these
hypernumbers will permeate science and engineering. it

is rather appropriate to end this thesis with the dictum
of Richard Dedekind (1831-1916), who contributed much to

our present conception of numbers, viz.,

* Numbers are free creations of the human
intellect, they serve as a means of
grasping more easily and more sharply

the diversity of things. "
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Turbo Pascal Language (Version
V1 Prograw NyungAndlornbraphic;
2t Uses  Crt,Graph;
3¢ Type  VecMat = Array [1..20,0..2,1..3] of Real;
¢ Hat = Array (0..2,1..31 of Real;
3t Vec = Arvay [1..3] of Real;
£ Var dataX,dataY,datal : VecMat;
7 XY, 1 : Mat;
2: i,n, k1 ¢ Integer;
9 ans ¢ Char;
1 ref ¢ Boclean;
i
12 ¢ Procedure DotVector (Var X,Y : Mat;
13 : Var sumx,susy ¢ Real);
14
15 (F PR R R R R R R R r D)
16 ¢ (¢ This procedure aultiplies two vectors by using 3
17 ¢ (X scalar product; the result is a scalar.
18 ¢ O Ity e e s ke s s gt )
19 ¢
203 Var J ¢ Integer;
2 spq,sxv,syu : Real;
a9 :
23 : Begin { Procedure DotVector }
24 sumx 1= 0;
AN sumy := 0;
%6 For j:=11t03 Do
27 Begin
K sxv := X[1,j1 1 Y02, j];
29 SUBX 1T sumx 4 5xv;
30 s syu &= X{2,j]1 ¥ YL, j);
) B suly 1T suky + syu;
K End;
33 ¢ End; { Procedure DotVector )
34
35
3E : Procedura CrossVector (Var X,Y ¢ Mat;
XY Var vpg & Veg;
38 : J ¢ Integer);
3%
40 ¢ O SRR R R R R R )
41+ (3 This procedure aultiplies two vectors by using 1)
120 0 vector product; the result is a vector.
30 U B s a1
4
a1 Var Palp,paln,pq2p, pa2n,pq3p,padn : Real;
4 1
47 ¢ Begin  { Procedure CrossVector )
{8 palp  ¢= X[j,21 ¢ Y(§,31;
5 pgin 1= X[j,31 ¥ Y(j,2);
e vpql1d := pqlp - pqln;

APPENDIX A
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pgan = X0, 1T V(3N
vpal2l := pg2p - palng

padp = X0j, 00 8 Y0, 25
pg3n  t= X[y,21 ¥ ¥[j, 13,

9031 = padp - pqdn;
End; { Procedure CrossVector )

Procedure Magnitude(Var datal 3 Ve:Mat;
Var aM,ul & Real;
1 Integer);

0 PP R R e s i )
(3 Thiz procedure finds the magnitude of a ve:tor,
(AR e b R b A s R b Lt 1)

Var i ! Integer;
SqVecH,SqVecl, suak,sunl : Real;

Begin  { Procedure Magnitude )
suaW = 0;
cual := 0
for J:= 1403 Do
Begin
SqVecl := Sqr(datalli,t,jD;
sual := sumk + SqVech;
SqVecl := Sqr(datalli,2,jD);
cuwl 1= sunl + Eqlec];
End;
wl 2= Sqrilsuwi);
al := Sqri(susl);
End; { Procedure Magnitude }

Procedure betData (Var dataX,data¥ : VecMat;
Var n i Integer);

(G2 EP R 2 RN 155100102590 ET10VRIRIPSVSSINNY)

(t+  This procedure reads data from file,

3 R a s i R gt 1)

Yar Feat 1 Tt
tjk v Integer;

Begin [ Procedure GetData l
Assign(Fvar,'BiNevData.dat?);
Reset (Fvar);

Bhile not EOF (Fvar) Do
Begin

233



101
102
103
104
105
106
107
108
109
13
131

1121

2
4
115

ige

ile

17 :

118

19 :

120
121
122

123 ¢

1
125
126

127 ¢

128 3
129 :

130
13t
1
133
134
135
13&

137 ¢
138

139

140
141 &
142 :
143

144

145 2

.1t

147
148

143
130

End;

While not EOLn(Fvar) Do
Begin
Read(Fvar,i,datalli,0,11,datak{1,0,21);
For j:=1to3 Do Read (Fvar,dataxti,l,jl;
For jt= 1 to 3 Do Read (Fvar,datakli,2,jd);
Read(Fvar,data¥(i,0,11,datav(i,0,21);
For j :=1to 3 Do Read (Fvar,data¥li,1,j1);
For ji=1to3 Do Read (Fvar,data¥li,2,jl)
End;
Readin(Fvar);
tnd;
nois g
Close(Fvar);
{ Procedure GetData )

Procedure Keeplata (Var dataX,data¥,datal : VecHal;

Var n s Integer);

[ERR3rea15412009102183188:508313313210010¢8033433232400Y

(3

This procedure puts the results into the file. 3)

228023 28138182188183:0408138182138 80182188121 Y,

Var

Fname ¢ Text;
igjak ¢ Integer;
av,mz ¢ Real;

Begin { Procedure Keepbata !

Assign(Fname,'B:OutZorn.dat’);

Rewrite(Foawe) ;

Writeln(Fname,'This data is lorn's vector matrices.');
Writeln(Fname);

Writeln(Fname,'A vealization of the split octonion algebra');
Writeln(Fname,’is via the Zorn's vector matrices');

Writeln(Fname);
Writeln(Fname,’ ba X0, ")
Writeln(Fraxe,’ bY bR L)
Writeln{Fname);

Writeln(Fnase,’where a and b are scalars and X* and Y* are 2 H
Writeln(Fname,'3-dinensional vectors, vith the product defined as');
Hriteln(Fnawe);

Writeln(Fname,"! a X~ 11 c U1 = ©ac+ XV al™ dx>~ [Y*s V]
Writeln(Fname,'! Y*b 13 V"4 1 beYt+ by [X*x UMD YU bd
Writeln(Fnaue);

Writeln(Fname,'x denotes the usual vector product.');

Writeln(Fnawe);

Weiteln{Fname, 'and let');

FYOR I SUABEFREIN:) REIR S S S S IR AR F
cY™+ BY~+ [X*x UM YU+ b 75

Writeln(Fnawe,' 1 ¢ W
Writeln(Fnawe,! 1 I%f |
Writeln(Frnaae);

234
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[ Writeln{Fnasel;

182 ¢ Writeln(Fnamel;

133 ¢ Yriteln(Fnaue,'The folloving table is calues of zcalars ')}

154 ¢ Writeln(Fnane,'fa,b,c 6,7 ! vedturs S RMRRTUR'AN P ARIDH
153 ¢ Writeln(Fnake);

15 @ Writeln(Fname," N 3 b | Y*');
157 Writeln{Fnane,’ ¢ d u* AR H
158 : Writeln(Fname,’ ¢ f W Iada H
139 ¢ Writeln{Fnase);

160 ¢ Writeln(Fnawe);

161 ¢ For i :=1 ton Do

162 ¢ Begin

163 ¢ Magnitude(datal,wv,nz,i);

164 Hrite(Fnane,i:S,dataX[i,0,1]:8:3,dataX[i,0,21: 3,0 )
183 ¢ For js+=1to 3 Do Write(Fname,datatli,1,jl:8:3);

1€E ¢ Write(Fnawe,' 1 [}

1€7 : For ji=1t03 Do Write(Fname,datalli,2,j1:8:3);

168 ¢ Writeln(Fnawe,’ 1’}

163 @ Writeln(Fname);

170 3 WriteFnane,’ ’,dataY[i,0,1]:8:3,dataY[i,0,2]:9:3,' S H
17t For y:=1todDo Write(Fname,data¥li,1,j1:8:3);

172 ¢ Nrite(Fname,' 1 [');

173 : For ji=1%030s Write(Fname,data¥li,2,j1:8:3)§

174 ¢ Weiteln(Fnawe,' 1');

173 ¢ Writeln(Fnase);

176 @ Write(Fnane,’ ',datal[i,c,1]:8:3,d3taZIi,0,?]:8:3,’ I
177 For ji=1te 3 Do Write(Fname, datalli,1,ji:8:3);

173 ¢ Write(Fname,' 3 ')

757 For j:=1to 2D Write(Fname,datalf1,2,j1:8:3);

180 ¢ Writeln(Fnawe,’ 3');

181 Writeln(Fnauel;

182 @ Writeln(Fname,’ ' MR TR P IR SR W33 I H
83 Writeln(Fnawe),

184 : Writeln(Fnawe);

185 @ End;

12€ @ Close(Fnane);

187 : End;  { Procedure Keeplata i

188

189

190 : Procedure ChangeVecMatToMat(Var dataXk : VecMat;

19 Var I Mat;

192 : i Integer);

193 ¢

CTIRRNC S S t32128s2016400ssaseptasasstsgtissibathizetassntied

195 : 4 This procedure changes a vector watrix to s 5

196 ¢ (v set of vectors, 1)

197 1 b SR FRERSERERARRE A LR e R e e )

158 4

199 ¢ Var Jak ot Integer;

AU

23656



26Y ¢ Pegin { Procedure ChangeVecMatToMat )

202 s K0,11 i= dataXli,o0,11;

203 : X00,2) := dataXl1,0,21;

204 : Fa: ji=1to2Do

205 @ Begin

206 : For k:=1%:3 D0

207 X0j, k1 o= datakii, j, LY

<08 End;

203 @ End; { Procedure ChangsVecHatToMat 3

200

Al

212 ¢ Procedure ChangeMat TcVecMat(Yar 2 : Mat;

213 s Var datal : VecMat;

214 i3 Integer);

CI6 ¢ OF ERRER AR R A R R Rk i s B)
27 00t This procedure changes the set of vectors to 1
M8 (3 a vecrtor watriy, 1)
90 b i b i e s
220

220 Yar Jrk ¢ Integer;

2225 Begin { Procedure ChangeMatToVedlat )

240 datalli,0,11 = 100,10

mS datal{1,0,21 := 1[0,2];

N, For je=1{ tc 2 Da

27 Begin

26 For bi=1 te 3 Do

229 datalli,j, &} = 1 j,kY;

230 ¢ End;

231 & End; { Procedure ChangeMatToVecMat }

3,

3 4

224 ¢ Procedure ZTorn(Var X,Y,W : Mat);

236 ¢ OF FRRRERCRI AR R B RS R R K 3 D)
237 ¢+ (3 This procedure multiplies tvo vector 1)
238 ¢ (t matrices by using Zorn product. 1)
239 0 O BN i i i )
240

24t 1 Var vau, vdx, vyv,vey, vhy, viu ¢ Veg

Ml Sac,sbd,sxv, syu,sumxv,sumyu : Reil;

243 : Jik : Integer;

244

243 : Begin  { Procedure Zorn )

M6 zac 1= X00,11 8 Y(0,11;

N7 sod 1= X00,21 % Y[0,21;

43 DatVertior 1%, Y, suwiv, sunyu);

13 frossVector (X, Y, sau, 103

250 ¢ CrassVertor (X,Y, vy, 20



281
292 ¢
253
254
259
256 :
257
aeg
239
260 1
261

LA,
Ll o

263 :
264
JES
285
-
268
269 ¢

237

For ji=1to3 Do
Begin
vaul j] :
vdx(j] :
veyljl ¢
vbovljl :
W, jl
W2,j1:
End;
WEO,11 := sac + sumxv;
N[0,2] := shd + sumyu;
End; { Procedure lorn }

1o, 11 % Yii, j4;
Y[0,23 ¥ X0L, j);
Y(o,11 ¥ XI2,}3;
100,21 ¥ YI2,j);
vaulj1 + vdalj] + vyv[j};
viy(j1 4 vbvDjl ¢ vxul ]

e - -
1] H n n 1" n

Pracedus @ Mag(Var X ¢ Hat;
Var al,al : Real);

(F ORI R I I e A R A T L 3)
(¥ This proceduie finds the magnitude of a vector. 1)

270 5 (3 $RERSRRE MR MR R RN R bR bR AL AR A dh L AAE 9)
21

700 Var J : Integer;

134 SqVech,SqVec, sual,sunl ¢ Real;

274

275 ¢ Begin  { Procedure Mag )

27 susl := 0;

7 sunl &= 0;

27 For j:=11to3 Do

273 Begin

280 : SqVecW := Sqr(X[1,jD);

281 sumbl := suui + SgVecH;

282 . SqVecl := Sqr(X(2,j1);

283 sunl := sunl + SqVecl;

284 ¢ End;

285 uW := Sqrt(sual);

286 al := Sqrt{sual);

287 ¢ Ead; { Procedure Mag )

289

289 :

230 : Function Tau(check : Integer;X : Mat) : Real;

291 ¢

292 ¢ (3 dtRsEpinti i ik R it )
293 1 (3 This is the linear functional TAU. 1)
T () BRI RS RS LA R T Y)
295

29 & Var i i Integer;

297 af,aY,sue : Toal;

298

2599 1 Begin  { function Tau )

300 : Mag(X,aX,a¥);



238

301 ¢ Casé check of

301 1y Tau 3= 0;

302 20 Tae = X012 5 A(0,2];

304 3 s Tau := al T ay;

305 3 4 ¢ Tau t= Sqrt(Sqr (X[0,11) + Sqr (X[0,2D)

306 + Sqr(aX) + Sgriay¥));

307 End;

309 & End; { Function Tau }

369 :

30

Sil ¢ Procedure VecMulScalar (Var TauX  : Real;

3T Var Y,TaulY : Mat);

Kl

SH 8 BRI S S A S S T S kY S 1)
35 1 (3 Vector sultiplied by scalar. 1)
LR A P S i 2 R IR R R IR TR ERVEE 13D FF4E 315318815375 Q8 Y)
U7

218 ¢ Var hk ¢ Integer;

39

320 1 Begin  { Procedure VecMulScalar }

3 Taul¥(0, 11 2= TauX ¥ YL0,1);

S22 TauX¥[0,2] := TauX t Y[0,2];

RN For ji=1 to2 Do

324 ¢ Begin

225 For k 1= 1 to 3 Do

326 TauX¥[j, k] := Tauk ¢ Y[j,k1;

227 End;

B Eag; { Procedure VecMulScalar )

339

330

231 ¢ Proceddre Caiculation(Var X, Y, XstarY : Mat);

332

333 ¢ 74 TREABSEREERLLL LR AR AR RSB SRR LAtk AR AL 1)
3 (1 This procedure wultiplies two vector watiices 1)
335 ¢ (t by using Myung product. 1)
336 ¢ (3 B N R R R L )
37

338 5 Var XV, YX  XecuwuteY, TauXY, TauYX & Mat;

339 ¢ TauX, TauyY i Real;

M0 . AL ¢ Integer;

Phi .

342 ¢ Begin  { Procedure Calculation }

343 Lorn(X,Y,XY);

244 . Torn(Y, X, YD)}

345 Tauk 1= Tau(l,X);

346 TauY = Taull,Y);

KEY N VecMulScalar (TauX,Y, TauXY);

348 YecNulScalar (TauY, X, TauYY);

349 Far b= 1 to2Da

J50 Eegin



k)
332
353
354

333
336
357
358
35
360
361
362
33

34 s

363
366
37
368
369

3t

312
n
34

375

376
377

8

379

380 :

381 ¢
382
383

384

385 :
386 :

3687

388
389
290 :

391

392 ¢

393

394 :
395 :

396

397 .
398 :
299 ¢
400 ¢

XcommuteY[0,k] := 0.5 & (XYI0,k] - YXL0,k1);

YstarY(0,k] := XcomauteY(0,k] + TaukY(0,k] + Tau¥X(0,k1;
End;
For j :=1to2Do
Begin
For k3= 1 to 3 Do
Begin
TcommuteY(j,k1 = 0.5 ¥ (XY[j,k) - YXLj, k1)
KstarY(j, k1 := XcommuteY[j k1 + Taul¥Ylj;k1 + Tau¥X{j,k1;
End;
End;

End; { Procedure Calculation )

Frocedure CheckEqual (Var P,Q ¢ Mat;
Var compare : Boolean);

CIR 220200100100 102108104 1881803818 0700188123:0212 28 1)

(3 This procedure checks the equality of tuo 1)
(t  vector matrices. %)
(OFR228333200000005580¢80848000000300¢0843038810428¢s 489
Var Jrk ¢ Integer;

check : Boolean;
Begin  { Procedure CheckEqual )

compare := True;
check := True;
1f (PI0,1] - @C0,11 < 0.00001) and (P[O,2} - 020,21 € 0.00001)
Then check := True
Else check := False;
compare := compare and check;
For ji=1to20Do
Begin
For k:=1t03Do
Begin
I PLj,kY - 0L, k1 < 0,00001 Then check 3= True
Else check := False;
compare := compare And check;
End;
End;
End; { Procedure CheckEqual }

Procedure CheckFlexible(var XY : Mat;
it Integer);

(B RRRtERiettthe10ei0eiieistitetietsersessstss122160dRy
(3  This procedure checks the flexibility of twvo 1)
(¢ vector watrices. 9]

239



240

LN P os0080000004000000000000000000v0tee0e0eqsesssesidn)l

402 :
403 : Var YX, XwulYX, XY, XYnulX ¢ Mat;
404 hk : Integer;

405 ¢+ Begin  { Procedure CheckFlexible )

406 : Calculation(Y,X,¥YX);

407 ¢ Calculation(X, YX, Xuul¥X);

408 Calculation(X,Y,XY);

409 Calculation(XY, X, XYaulX});

410 ¢ Checkbqual (XeulYX, XYaulX,ref);

411 Tf ref = True Then Writeln('Data set ',i,! is Flexible!)
42 3 Else Writeln('Data set ’,i,' is not Flexible');

413 : Weite(XwulYXL0,11:8:3, Xuul¥X00,23:8:3," [');

414 For js=1 to3 Do MriteClaulYX{{,jl:8:3);

415 : Brite(* 1 [');
416 For j := 1 to 3 Do Write(XwulYX[2,j1:8:3);
417 Writeln(* 1');

418 : Write(XYsulX00,11:8:3,XYault[0,21:8:3," (");
419 : For j:=1 to3 Do Mrite(XYuulXIl,j1:8:3);

420 : Urite(" 1 [');
421 For jt=1 to3 Do Write(XYaulX[2,j1:8:3);
422 : Nriteln(" 1');

423 ¢ Writeln;
424 Hriteln;
425 Readln;
426 : End; { Procedure CheckFlexible }

427 3

428 :

429 : Procedure Associative(Var I : Mat;

430 : select : Integer);
431

432 ¢ OF SRRIRRR RSk AL S AR LU AT TN 1E R30S 3)

432 1 (3 This procedure checks the third and fourth b 9]
434 : (¥ pover associative products on the vector 1)
435 1 (X matrices. 1)
436 ¢ (3 IRXEE LRk AL SIS KRR AR LSRN ILEALAL )
437 .

138 & Var XX, XwXX, XXuX, XXuXX, XpXnXX 5 Mat;

439 : XuXpX, XpXXuX, XaXXpX ¢ Mat;

440 @ ik ¢ Integer;

441 refl,ref2,refd : Boolean;

442 .

443 @ Begin  { Procedure Associative }
444 4 Calculation(X,X,XX);

443 ¢ Calculation(XX, X, XXuX);

446 & Calculation(X, XX, XuX)X);

i47 » If select = 3 Then
448 : Begin
449 CheckEgual (XXX, XuXX,ref);

450 [f ref = True Then



41
452
433
454 .
455 :
436 :
457
458
459
460 :
461
462 ¢
€2 :
164
463 :
466 ;
{€7
468 :
469 .
470
471
472 :
473 :
474 ;
475 :
476 :
477
478 :
479 :
480
481 :
482 ;
483 :
484 :
483 :
486 :
487
488
489 ;
490 :
491
492
493 :
494 :
435 ¢
496
137
498 .
449
500 ¢

241

Writeln('Data set ',i,' has 3rd pover associative product?)
Else Nriteln(’Data set ',i," has not 3rd pover associative product');
Write(XaXX[0,13:8:3, XaXX[0,20:8:3," [');
For ji=1to3 Do Write(XuXX[1,)1:8:2);
Write' 1 [');
For j:=1to 2 Do Write(XaXX[2,j1:8:3);
Writeln(* 1');
Write(XXuX(0,11:8:3,XXaX[0,21:8:3," [');
For j:=1to 3 Do Write(XXaX[1,j1:8:3);
Hrite(' 1] (')
For j:=1to 3 Do Write(XXeX[2,jl:B:3);
Writeln(' 17);
Hriteln;
Hriteln;
Readln;

Begin

Calculation (XX, XX, XXuXX);
CalculationCX, XaXX, XpXux));
Calculation(XXmX, X, XaXpX);
Calculation(X,XXnX, XpXXaX);
Calculation(XeXX, X, XaXXp));
CheckEqual (XXuXX, XpXaXX,refl);
CheckEqual (XXuXpX, XpXXaX,ref2);
ChechEqual (XmXXpX, XpXXuX,ref3);
It (refl And ref2 And ref3) = True
Then Writeln('Data set ',i,’ has 4th pover associative product')
Else Writeln('Data set ',i,’ has not 4th power associative product’);
Write(XXaXX[0,1:8:3,XXakX(0,21:8:3," [");
For j i= 1 to 3 Do Write(XXaXX(,j):8:2);
Writet' 1 [');
For j:=14%03Do Hrite (XXuXX[2, 33:8:3);
Writeln(! 1');
Write(XpXeXX[0,11:8:3,XpXukX[0,21:8:2," [');
for ji=14%03 Do Write(XpXaXX(1,j1:8:3);
Brite(* 1 ')y
For ji=1to3Do Hrite(XpXaXX{2,jl:8:3);
Hriteln(* 1');
Write(XXuXpX[0,11:8:3, XXakpX(0,21:8:3," [');
For j:=1to 3 Do Mrite(XXmpXI1,j1:8:3);
Brite(' 1 [');
For j:=1ta 3 Do Write(XYuXpX[2,1:8:3);
Writeln (' 1%);
Write(XpXXuX[0,11:8:3,XpXXaX[0,2):8:3," [');
For j:=1 %o 3 Do Write(XpX¥aX(!,j):8:3);
HriteC(' 1 [');
For j:=1to 3 Do Write(XpXfaX(2,;}:8.3);
Writeln(®* 1');
Hrite(XaXXpX(0,11:8:3, XaXXpX(0,21:8:3," (');
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Prozedure ShowBraph™'s X,¥,7 1 Mat;
poioIntezer);
2 Var Saphlriver,ai sphMode, ErrarCode @ Tateger;
Theba, phi s o Real;
Iviv Hundred,q ¢ Integer;
std ¢ Steingldl
st 2Bt Ry

Prizedre Setfraph;

Begin  { Procedure SetGraph @
GraphDriver 1= HercMans; { Herzules Monschrowe = 7 )
oraphfude := Her MonoHi; {0 )
InitBraph (GraphDriver ,GraphMode,’’);
EreorCode := GraphResult;
If Errorfode <3 G0 Then
Begin { errur )
Writeln('Graphics error t ! Graph€rrorMsg(ErrorCode));
dritela("Program aborted ...');
Halt(l};
ead; { error )
tad; { Procedure SetGraph )

Procedure TransforaCosidinates(Var Xinp,Yin,ling Integer);
i I i i b g s

booThis poocedare rotates all anes. :

ORI A R R e o

Pt

\
i
)



3515 Begin [ Procedure TransforaCoordinates
3532 : Xinp = Round (Xinp3los(Theta) + Yinp ¥ SiafThetas);
57 Yinp = Round (Yinp4Cos{Theta) = Xinp SiniTheta));
291 1 Eng; { Procedure TransforaCoordinates }

8%¢ ¢

387 ¢ Procedure ProjectsToTuoDinensionsiVar Ip,Yp : Integer;
e - Ip ¢ Integer ;
259 .

SEO T M RSB ORI B R R )
6L s (6 This precedure projects three dimensions 1
5620 into teo diwencions. t)
SE3 0 CE ThR e R R R I L A 3L )
e

SED o Var Ipt,¥pl & Real;
e

367 : Begin  { Procedure ProjectsToTuoDimensi: s }

369 Xil = Yp ~ Lpdsin(Phi);

$E9 Yal 1= Ip - Ap$Cos(Phi);
70 Ip 1= Round(Xpl);

7y Yp := Round(Yp1$2/4);

S72 : End; { Procedure FrojectzTolucDisensions 3

513 .
YRR

=75t Procedure ThreeDimensions(Var Yinp,Yinp,Zinp : Integer);
STE 4

T U HH IR R R R LN LS 1)
318+ (v This procedure projects three dimensions 1)
519 ¢ (¢ into two diwensions and ratates cooidinates. K
980 ¢ b aRERRIRIOL LR S I L b e T 8
o8l

82 0 Pegin U Proceduce ThreeDimensions )
383 : ProjectsTalwaDiaensisns (Xinp, Ying, Ling);

o84 ¢ Transforalou: Cinates(Xing, Yinp, Linp);

25 Ead; { Procedure ThreeDimensicns }

5Bt
397

BB t Procedure Drawshrrow(Xp!,Ypi,Ip1,Xp2,¥p2,1p2 : Integer);
383 :

TR IR £2 20024083 4100008142233883300700988s4eabeYeTselaRg)
5911 (4 This procedure draws arrow. 3
S92 (f SRR R LR R SRR AR B H R4S 3)
i1

594 1 Var Thetal, L, ThetaZ : Real;
289 Sign ¢ Integer;

265

237 ¢ Begin  { Procedure Drawshrrow }
538 ThreeDiaensions(Xpl,Ypt, Ip1);

ThreeDimensions{Xp2,1;7,2:25;
LR
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01
€02 3
£73:
804
605 :
€06 :
€07 :
£08 :
£09
£i0 :
611 2
612 :
£i3 ¢
614 ¢
615 :
616 :
617 :
618
619 :
620
£21

Y
wl s

£23 :
4
€25 :
£26 :
627 :
628 :
629 ¢
€30 :
831 :
632
£3%
634
KNI
636 &
637
£38 :
639 :
E4d ¢
641
642
643 ¢
Bd4 2
645 :
46 3
647 :
€43
643

£Y

Theta2 := Pi/8;
If {(Xp2 - Xpl)} >= 0 Then Sign := |
Else If (Xp2 - Xpl) { O Then Sign := -1;

If (Xp2 - Xp1) {0 0 Then Thetal := ArcTan((Yp2 - Yp)/(Xp2 - Xpl))

Else If (Yp2 - Yp1) >= 0 Then Thetal := Pi/2
Else Thetal ;= -Pi/2;
002 - Xpl) <> 0) Or ((Yp2 - Ypl) OO 0) Then
Begin { check zero }
Line(360 + Xp2,175 - Yp2,360 + Round
(Xp2 - Sign¥L¥Cos(Thetal - Theta2)},
175 - Round(Yp2 - SigniLSin(Thetal - Theta2)));
Line(360 + Xp2,173 - Yp2,

360 + Round(Xp2 - Sign¥LSin(Pi/2 - Thetal - Theta2)),
175 - Round(¥p2 - SignfLiCos(Pi/2 - Thetal - Theta2)));

End; { check zers }
End; { Procedure DrawsArrow }

Procedure DravsSeguent (Xpt1,Ypl,1p1,Xp2,Yp2,1p2 : Integer);

[GRP 333333840037 0¢208080008384002R04380023000808800¢00Y)
(+ This procedure draws 3 line vhen we give tws 1)
{(t points. 1)
(F R todseoreifiocivatttecisereadonitiotbitetsstesttingl

Begin  { Procedure DrawvsSeguent )
ThreeDinensions(Xpt,Ypl, Ipl);
ThreeDimensions (Xp2,Yp2,1p2);
Line(360 + Xp1,175 - Yp1,360 + Xp2,175 - Yp2);
Eud; { Procedure DrawsSeguent )

Procedure DravsVector (Xpl,Ypl,1pt,Xp2,Yp2,1p2 ¢ Integer);

(GRPE70200500000¢0000¢00)8080000000000308008800200008080R Y]
(¥ This procedure dravs a vector (X,Y,1), i.e,, 9]
(¥ the vector starts from (0,0,0) to (X,Y,D). 3)
G EREiFetatediocsetsietiasfeisoioctotintstsitisttsciipy

Begin  { Procedure DrawsVector )
DravsSeguent (Xpt,Ypl, 251, Xp2,Yp2,1p2);
DrawsArrouw(¥pl,Ypl, Ipt, Xp2,Yp2,1p2);

End; { Procedure DrawsVector }

Procedure DravStar(X,Y,1,scalar i Integer);
RS PaT s ERenrtateiietesilisiitetescsRosvscastayy

t4  This procedure dravs a star. 1)
R EREAEE 3R 0RR R0 03REI0RE007032582082303030800 0 Y]
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€56
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663 :
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£EE :

663
70
67!
672

€73 :
674 :
€75 :

E7€ :

€77
678
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68!

682

£82:

&84
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£0° .

686 :

£87

686 :

689
690
£91
692
£93

£94 :
o5 .

e 8

696

€97 :

698

£99 .

700

Begin  { Procedure DrawStar )
SetlineStyle(solidln,0,Noralidth);
DrawsSegment (X, Y, (1-2),X,Y,(243));
DravsSeguent (X, (V-01,2,X, (Y43}, 1);
DravsSegment ({¥-2),Y,2, (X+2),Y,2);
DraveSequert(X,¥-3,143,X,Y43,2-3);
DravsSegment (¥-C,¥+3,7,042,¥-2,1);
DravsSegwent (X+2,Y,2-3,Y-2,Y,132);

Snd; { Procedure DrawStar !

Frocedure DrawTest (Xing,Yinp,linp ¢ Integer;
lett : String ;
X,Y 1 Integerl};

HIPS 03¢0 000003 0sbbat st seitotetiotistitsssesetsting]
(4 Thic procedure writes letters irto graphic 1)
(3 . wode. P

[P ot 208888000 808000080000000p0000000¢0000808004058 iR

begin [ Procedure Zrawiext )
ThreeDimensions(Xinp,Ying, linp);
Dut Test YV ({2604 Xinp+X), (175-Yinp-Y),lett);

3

End; { Frocedure DrawText J

Procedure DravScel (g : Integer);

S b eeaoreastostrtieeresioioittrtiisttecestassttoteiByl
(¢ This procedure dravs scales on three axes. 1)
(S b teedssosocettsttsdtortoseiitotoistatiietsciitsisany

Var Ci,nc,l : Integer;
v  Healy

Begin I Procedure DrawScal }
If g=1 Then
Begin
ci
no
End
Else
Begin
al
no :
End;
v = 2lg;
SetlineStyle(solidin,C,NoraWidth);
For i := 0 toone Do

—
o
- e

[t
—

LI 1}
—
- a
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Begin
DraveSegment ((-1604(13¢i)), ¢, -2, (-160+(13¢i)),0,2);
DravsSeguent (0, (-160+(13¢i),-2,0, (-160+(1%¢i)), 2);
DravsSegaent (C,-2, (-160+(1%ci®),0,2, (-1604(1%cid));
End;
SetLineStyleisolidln, 0, ThictWidth';
For 1 := 0 tc 4 Do

Begin
W12 then .
begin
DravsSegment ((-1E0+(13B0:,0,-2, (-150+(12831),0,2);
DravsSegaent (€, (-150+ (138023, 2,0, (- 150+(AX80)) 2);
DravsSegment (0, -2, (-1E04{1%80)),C, 2, (-160+(1380)));
nc
tlse
End;
sty (vid:1,st4);
DravText(16¢,C,0,st4,- 25, -2% 1scal x )
DrawText(0,160,0,5t4,-7,-3); {zialy !l
DrawText (0,0, 16C,st<,-36,2Y; Tscal 2]
DrawText(-160,0,0,'-"4st4,1,8); { scal -x
DrawText (0,-160,0,'-'4st4,-15,-8); Tscal -y}
DrauText(0,0,-lGO,’-’+st4,10,2); {scal 0 0

End; { Procedure DravS:al !}

Procedure ProjectVector(X,Y,Z,Hidth check : Integer);

6B 000sorsedsssaeesteottatasiitscitittiotiettobiupd

This procedure projects a vector on three 3)
planes, 1

(3 SEIRRIIRLLITLALLLILLILLLLLTITILILLILTALLLLLLLIING 1)

: Begin  { Procedure ProjectVector }

SetlineStyle(3,0,H1dth);

DrawsVector (0,0,0,0,Y,1);

DravsVector (0,0,0,X,0,1);

DrawsVector (0,0,0,X,Y,0};

Case check of
1 : SetlineStyle(solidin, 0, NoraNidth);
2+ SetlineStyle(1,0,Noraidth);

End;

DravsSegeent (X,Y,1,0,Y,0);
DravsSeguent (X,Y,2,1,0,2);
DravsSegment (X,Y,1,X,Y,0);
DrawsSegaent (X,0,0,X,Y,0);
DrawsSegment (X,¢,C,X,0,2);
DrawsSegment (0,Y,0,X,Y,0);
GrawsSeguent (0,Y,0,0,Y,27;
DravsSegment (0,0,2,0,Y,1);



T8l DrawsSegaent (0,0,7,Y,0,0);

752 : End; { Procedure PrcjectVector 3

SS e
754 :

755 5 Procedure DraslineVecteorScalar (Var X D Maty
756 chezk, linetype,vidth : Integer;
EaH Var g : integer);
7SE

AT i e13000303028043200830¢20000v2¢8050804000384333 88 )]
TeC ¢ (3 This procedure projects a vector on three 1

JEL 't planes, and projesis a scalas om an avie, 1)
[V I8 $2000 3435200008008 00000800004000000000 0000000804000

T8I

TE4 : Var levi,Corponents, Componenty, CowponentI, zzaiar 1 Integer;
7EC

766 : Begin ! Procedure DraviineVe:torScalar }

Fef g leve s= (

766 ¢ I8 (P 3= &) And (F (= {3) Then q =3
7€9 E;se g =5

76 1 g := %}
7 Scala' 1= trunciXIC,check? 3 g 1 80);

772 : Couponent! 1= truac(X[check,1] ¥ ¢ % 80);
773 LonmponentY := trunc(Xlcheck,2] ¢ g & 80);

T4 Component := trunc(XIcheck,31 ¥ g ¥ S0
775 : SetlineStyle(C,4,Ridth);

TIE JrawsVector (Zerc, lerc Zero,voaponen" lomponentY,Component1};
777 Lase check of

i7E it DrecStar(ierc,scalar,lerc,scalar);

779 @ 2 : DrawStar(lero,lero,scalar,scalarl;

780 : End;

781 : Proje tVector (Component], ConponentY,L\u,onér..,ﬂxd‘h,uhe.k"
782 : End; { Procedure DravlineVectorScalar

782

784 :

82 ¢ Begin  { Procedure Showbraph 3

785 theta := Q;

787 phi := -0.9;
788 : SetGraph;

789

790 5 (X TRIRLITIAILY DRAW X, Y,and 7 axes  R3ffzsssssx:
791 : SetlineStyle(0,1,1);

722 DravsSegaent (-200,0,0,200,0,0);
793 ¢ DravsSegment (0,-210,0,0,210,0);

794 DravsSegaent (0,0,-170,0,0C,185);
790 ¢ (3 mpRmmnmitnn s sty

79% ¢

TO7 0 (¥ ERpRaIinidy JRAN XY Plane RNt 1)
796 : SetlineStylell,C,2);

799 : DravsSegment -102,-162,0,-100,-82,0%;
goe . DrawsSegment (-100,-16¢,C, 100, -160,0);
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B0t :

gl s

"o
v

BL<

g0z :

80 .
8T
80T

N
8¢

gi0 :
gl

3
bl

b
.
a3

13 o3 N 3 €A ) )
D vm +m b rm b ba pon

Yo €D~ Y (R de

DrawsSegaent 1100, 16¢,0,0,160,0);
DravsSegment £10C,-1€C,C,100,16C,0);

T (F SERRRRERLLILILLILITTLILLLTILLLLLLRLLLLLLLALILLLLL )

1 rsrrrssesiny DRA¥ Y1 Plane $IIRTITLRLLL )
SetlineStylefC,C,2Y;
DrawsSegment (C,-160,-100,0,-16C,100);
DravsSegment [0, -160,-100,C,C,-100;
DrawcSegment (0,-16C, 00,0, 160,100},
DravsSegment (0,8¢,-100,0,160,-107);
DrawsSegaent (0,160,0,0,160,1007;
GrawsSegaent (0, 16C,-66,0, 16,100} ;

DUF s I aatan o

DO s Draw X’ Flane s

ac..ihe.t)lé(SO!.ﬂLr, , nickkicth);
DrawsSegaent (170, 1,3E, 100 0, 090%;
DravsSeguert {-100,0,100,100,0, 100},
DrawsSegaent (0,%,-100,30C,0,-100Y;
DravsSegment 1109,C,-10C, 100, C,100);
(1 rrpetrsrapsssassssaat s itsst i iy 1)

g2

213 DrawiineVectorScatar (Z,1,50lidln, Thicklidin, q);

824 : DreviineVectorScalar(Z,2,50)idln, NoraRidth,q2;

B25 : DravScal(g);

gat SetTextJustify{CenterText,CenterText);

B27 : SetTextStyle(othicFont Horizlir,i);

£aE strip,stéd);

g2¢ CutTextXY (350,20, FELLOURIS PRODUCT');

837 QutTextXV(310,35, 1007 +stde’]');

I TobTexdMV38L,320,°0300 )

822 : DravwText(200,0,0,'1",-10,-10);
3 DrauText(O,El0,0,'Y',10,0);

B34 : DrawText(C,0, 165, 27,C,2Y;

833 Repeat Until Readiey = #13;

83t : CloseGraph;

827 : tnd; { Procedure ShowGraph :

832 :

LIS I IO 1O LRI 1910101018 101010 1010101010101 010101010101018!

840 ¢ IH e
841 : {3} Finish plotiing graph in three dimensions. M1}
42 ¢ {H ¢
IR IERS IO IO I 0101010 191010101010 1010101 01810 1 S10R0L 101044

B44 :

845 :

B4E :

847 ; Began < Main Prograe o

B4E : Clrsorg

B4c aetDatafd taX,daisY, i

850 : For i :=1ter D

248
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begin

ChangeVezMatlTMat tdatal, X, 1t

ChangeVe:MatToMat (dataY,Y,i);

lorn(X,Y,0);

Calcu‘_..cn\X,Y,Z);}
4 CheckTiexible(X,Y,i);

Associativel¥, 3V ) { o fsscciative(Y, §0

CrargeMasTcVecMat il catal,i);

.

for 4th power )

Writein('0.K.

{ Mair Progras I

19w - ) 0 then

Begin
Britein{'7% hac shout *,n-i+!," pictures of graphic');
hritelr;
Weiteln("would you like o look it IY/NI T ')
frylau
ans := Upcase(readhey);
Urtil (ans = 'K") U' fens = 'Y
If (anz = "%". Then halt;

Tud

Writeln(*1t has about I picture of graphic’);
[ S U A

Gpeengipmgpe-p

writeln("WAIT FOR A NOMENT...')
KeepDataldataX,dataY¥,de .ul,n,,:
FINISH..! PLEASE PRESS RETURN');

3



APPENDIX B

COMPUTATIONAL RESULTS

These data are. for the products of the Zorn vector matrices.

A realization of the split octonion algebra is via
the Zorn vector matrices

[ a Xx- ’
YY" b

where a and b are scalars and X~ and Y~ are 3-vectors,
with the product defined as

a X~ ] [ c u~ = [ ac - X~v~ au™+ dx~+ [Y™x V™) ]
Y~ b v- a cY™+ bV™+ [(X"x UT] Y¥Y~U~- bd

x denotes the usual vector product,

i [ e W ] _ [ ac -~ X“v~ au™+ ax~+ [Y"x V™) ]
and z- f - cY¥™+ bVT+ [X"x U~] Y~U~- bd

The following table gives the values of scalars {a,b,c,d,e, £}
and vectors [X~,Y~,U~,V~,W",z7]

N a b X~ ) s
[ d u~ v
e £ we -

1 1.000 1.000 ( 0.500 0.707 0.500 ) [ -0.500 -0.500 -0.707
1.000 1.000 { 0.333 0.667 0.667 ] { -0.707 -0.500 -0.500
1.957 1.972 [ 0.729 1.624 1.064 ) [ -1.069 -1.167 -1.109

| W7 = 2.074 I z7] = 1.932

2 1.000 1.000 ( 0.333 0.667 0.667 1 { -0.667 -0.333 -0.667
1.000 1.000 [ 0.500 0.750 0.433 ) [ -0.500 -0.433 -0.750
1.956 1.872 [ 0.794 1.250 1.222 ) [ -1.378 -0.577 -1.501

1w o= 1.920 P27 = 2.118
3 1.000 1.000 [ 0.750 0.433 0.500 } [ -0.250 -0.750 -0.612
1.000 1.000 ( 0.600 0.400 0.693 ] [ -0.600 -0.600 -0.529
1.974 1.874 [ 1.380 1.068 0.893 ) [l -0.750 -1.570 -1.101

| W7 = 1.960 I 271 = 2.059

4 1.000 1.000 [ 0.620 0.380 0.646 ) f -0.500 -0.667 -0.500
1.000 1.000 [ 0.348 0.780 0.520 ) [ -0.570 -0.660 -0.490
l1.921 1.954 [ 0.965 1.200 1.116 ) { -1.376 -1.425 -0.639

1 w7 = 1.902 I 27 = 2.081

5 1.000 1.000 { 0.614 0.463 0.639 | ( -0.577 -0.430 -0.694

1.000 1.000 [ 0.624 0.500 0.600 ) t =-0.710 -0.515 -0.480
1.981 1.991 [ 1.087 1.179 1.231 ) [ -1.329 -0.915 -1.156
| WY = 2.021 1z = 1.984

6 1.000 1.000 [ 0.600 0.600 0.529 } [ -0.540 -0.620 -0.569
1.000 1.000 [ -0.630 -0.712 -0.310 ] [ 0.570 0.600 0.560
0.002 0.042 I -0.036 -0.134 0.248 ) [ 0.221 -0.167 -0.058

| W] = 0.284 1 27 = 0.283



10

11

12

13

14

15

16

17

18

19

20

1.000
1.000
0.054

1.000
1.000
0.039

1.000
1.000
0.004

1.000
1.000

"0.040

1.000
1.000
0.038

1.000
1.000
0.017

1.000
1.000
0.000

l.000
1.000
0.078

1.000
1.000
0.026

1.000
1.000
1.863

1.000
1.000
1.767

1.000
1.000
1.700

1.000
1.000
1.932

1.000
1.000
1.868

~—

[

0.575

~-0.520

0.093
]

0.410
-0.460
-0.191

|

0.575
~-0.580
-0.017

|

0.720

-0.600

0.096
I

-0.550
0.860
0.067

|

-0.560
0.630
0.118

|

-0.500
0.333
0.083

|

-0.330
0.500
0.245

l

-0.750

0.693

-0.231
1

-0.600

-0.570

~-0.698
!

-0.424

-0.800

-1.235
|

-0.765

~0.433
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